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Revision lecture

MA30041: Metric Spaces

Just to become familiar with the clicker:
What day of the week is today?

 S
un

da
y

 M
on

day

 T
ue

sd
ay

 W
ed

ne
sd

ay

 T
hu

rsd
ay

 F
rid

ay

 S
atu

r d
ay

2%

89%

2% 2%0%0%
6%

1. Sunday

2.2. MondayMonday
3. Tuesday
4. Wednesday
5. Thursday
6. Friday
7. Saturday
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Just to become familiar with the clicker:
The concept “Metric Space” was 

introduced by whom?

1. G. Cantor (1872)

2.2. M.R. FrM.R. Frééchet (1906)chet (1906)
3. F. Hausdorff (1914)
4. S. Banach (1922)
5. I have to phone a 

friend!

 G
. C

an
to

r (
18

72
)

 M
.R

. F
re

ch
et 

(1
90

6)

 F
. H

au
sd

orff
 (1

91
4)

 S
. B

an
ac

h 
(1

92
2)

 I h
av

e t
o 

ph
on

e a
 fr

ien
d!

21%

17%

23%
25%

13%

Just to become familiar with the clicker:
Have you used the Audience Response 

Systems (ARS) previously?

 Y
es  N

o

81%

19%

1. Yes
2. No
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The function dist(Y,Z)=inf{d(y,z)|y in Y, 
z in Z} for nonempty subsets Y,Z of a 
metric space (X,d) (where dist(Y,Z)=∞

otherwise), defines a metric.

 T
ru
e

 F
al
se

43%

57%

1. True

2.2. FalseFalse

A pseudometric differs from a 
metric by

1. (MS1): A pseudometric 
might not be nonnegative

2.2. (MS2): A pseudometric (MS2): A pseudometric 
might not be 0 iff x=ymight not be 0 iff x=y

3. (MS3): A pseudometric 
might not be symmetric

4. (MS4): Only a modified 
form weak form of the 
triangle inequality has to 
hold.

 (M
S1): 

A ps
eudometri

...

 (M
S2): 

A p
se

udom
et...

 (M
S3):

 A
 ps

eudo
me t...

 (M
S4): O

nly 
a m

odif
ie..

.

0% 6%4%

90%
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Let A be a subset of a metric space 
(X,d). What is the relationship between 
diam(int A), diam(A) and diam(cl A)?

 d
ia

m
(in

t A
)=

di
am

(A
)..

.

26%

50%

24%

1.1. diam(int A)diam(int A)≤≤diam(A)=diam(A)=
diam(cl A)diam(cl A)

2. diam(cl A)≤diam(A)≤
diam(int A)

3. diam(int A)=diam(A)=
diam(cl A)

Let (X,d) be a metric space and (xn) be a 
sequence in X. Set A={xn|n in N}. 

Is the following statement true or false:
If (xn) is Cauchy, then the subspace A is 

totally bounded.

 T
ru
e

 F
al
se

20%

80%

1.1. TrueTrue
2. False
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Let (X,d) be a metric space and (xn) be a 
sequence in X. Set A={xn|n in N}. 

Is the following statement true or false:
If (xn) converges to x, then the union of A 

and {x} is a compact set.

 T
ru

e

 F
al
se

55%

45%1.1. TrueTrue
2. False

Let A be a subset of a metric space 
(X,d) s.t. ∂A=Ø. What can you say 

about A? 

 A
=A

’

 A
 h

as
 em

pty 
in

te
rio

r.

 A
 is

 c
lop

en
.

30%

44%

26%

1. A=A’
2. A has empty interior.

3.3. A is clopen.A is clopen.



6

Is the limit of a converging 
sequence (xn) a limit point of the 

set {xn|n in N}?

 Y
es

, t
he

 l
im

it 
is
 a
 li
m

it.
..

 O
nl
y i

f t
he

 s
eq

ue
nc

e 
..

 Y
es

, i
f t
he

 se
t i
s 

in
fin

ite
.

53%

20%
27%

1. Yes, the limit is a 
limit point.

2. Only if the sequence 
is not eventually 
constant.

3.3. Yes, if the set is Yes, if the set is 
infinite.infinite.

What is the derived set of

 T
he

 em
pty

 se
t.

 {0
}  

 . 
{1

/n
}  

 It
 e

qu
a ls 

its
 d
er

iv
ed

 s
et

.

17%
23%

15%

45%

?,
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





 ∈+
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





 ∈

ΝΝΝΝ
n

n

1

1. The empty set.
2. {0}

3. . {1/n}

4. It equals its derived 
set.
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Let U,V be subsets of a metric space 
(X,d). If ∂U is a subset of V, and V is a 

subset of U, then

 no
 ge

ne
ra

l s
tat

em
e

nt
...

19%

65%

15%

1. ∂V is a subset of ∂U 

2.2. ∂∂U is a subset of U is a subset of ∂∂VV
3. no general statement 

about the relationship 
between ∂U and ∂V is 
possible

“Quick and dirty” solution:

We have ∂U=cl U ∩ cl Uc = 
cl U ∩ cl Uc ∩ cl Uc  =∂U ∩ cl Uc.

But ∂U is a subset of V and thus cl V, Uc is a 
subset of Vc, thus cl Uc is a subset of cl Vc; 
therefore ∂U is a subset of cl V ∩ cl Vc = ∂V. 
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The open subsets of the subspace 
Rx{0} of R2 with the Euclidean metric 

are precisely those subsets Ux{0} 
where U is open in R. Thus, except the 

empty set, 

 n
on

e 
of
 th

es
e 
su

bs
et
...

 a
ll 
of
 th
es

e 
su

bs
et
s 
U
...

51%

49%

1.1. none of these none of these 
subsets Ux{0} is subsets Ux{0} is 
also open in also open in RR22

2. all of these 
subsets Ux{0} is 
also open in R2

??? interval of R is a continuous image 
of R itself.

What can you replace ??? with?

 E
ve

ry
 o

pe
n

 E
ve

ry
 c
lo
se

d

 E
ve

ry
 cl

ose
d 
an

d 
b.

..

 E
ve

ry
 b
ou

nd
e

d

 E
ve

ry

39%

4%

24%

14%

20%

1. Every open
2. Every closed
3. Every closed and 

bounded
4. Every bounded

5.5. EveryEvery
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Some hints…

sin(R) = [-1,1]

arctan(R)=(-π/2,π/2)

f(x) = sin(x) if x≤0 and f(x)=arctan(x) of x>0 
is continuous (or f(x)=x if …)!

Is a continuous function on a complete 
metric space in general bounded?

 Y
es

, a
nd

 I 
kn

ow ho
w ..

 N
o, 

I h
av

e a
 co

un
te.

..

 N
o, 

and
 I 

ha
ve

 an
 a

r..
.

 N
ot 

su
re

.

21%

47%

4%

28%

1. Yes, and I know 
how to prove it.

2.2. No, I have a No, I have a 
counterexample.counterexample.

3. No, and I have an 
argument.

4. Not sure.
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Is a continuous bijection between 
sequentially compact metric spaces 

a homeomorphism?

 D
ep

en
ds

 o
n 
t h

e 
fu
nc

.. .

 It 
is 

fa
lse

 i f
 th

e fu
nct

io.
. .

 Y
es

, a
lw

ay
s.

22%

51%

27%

1. Depends on the function, 
however this function is 
automatically uniformly 
continuous.

2. It is false if the function is 
not uniformly continuous.

3.3. Yes, always.Yes, always.

Which of the following functions is not
uniformly continuous on the specified 

domain?

 f(
x)
=1/

(1
+x

2)
 o

n [-
1,

1]

 f(
x)

=1/
(1

+x
2) o

n 
R

20%

28%
30%

22%1. f(x)=1/(1+x2) on [-1,1]
2. f(x)=1/(1+x2) on R
3.3. f(x)=tan(x) on [0,f(x)=tan(x) on [0,ππ/2)/2)
4. f(x)=x+1/x on [1,∞)
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Can a complete metric space be 
a subspace of an incomplete 

metric space?

1. Yes, but I don’t know any 
example.

2.2. Yes, and I have an Yes, and I have an 
example.example.

3. No. However, I forgot the 
appropriate theorem. 

4. No, and I know a reason.

 Y
es

, b
ut

 I 
do

n’
t  a

ny
 ..
.

 Y
es

, a
nd

 I
 h
av

e 
an 

e.
..

 N
o.
 H

ow
ev

er
, I

 fo
rg

ot
...

 N
o,
 a
nd

 I 
kn

ow
 a
 re

as
on

.

31%

13%

30%
26%

A discrete metric space is 
sequentially compact iff…

 …
it 

is 
fin

ite
 an

d t
hu

s
 t.

..

 …
it i

s c
lo

se
d a

nd
 c

o...

 …
th

e 
Cau

ch
y 

se
qu

e.
. .

24%
30%

46%1.1. ……it is finite and thus totally it is finite and thus totally 
bounded.bounded.

2. …it is closed and 
complete (it is always 
bounded!).

3. …the Cauchy sequences 
are eventually constant. 
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Is every complete metric space 
sequentially compact?

 Y
es

 (a
nd

 to
tal

ly
 b

ou...

 N
o,

 b
ut i

t i
s 

tru
e i

f  w
...

 N
o, 

I h
av

e a
 no

n-
(se

.. .

43%

28%28%

1. Yes (and totally 
bounded).

2. No, but it is true if we 
replace “sequentially 
compact” by “compact”.

3.3. No, I have a nonNo, I have a non--
(sequentially) compact (sequentially) compact 
counterexample.counterexample.

Let (X,d) be a metric space with subsets 
U,V. 

Is the following statement true or false?
If U, V are compact, then their union is also 

compact.

 T
ru
e

 F
al
se

30%

70%

1.1. TrueTrue
2. False
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When is a discrete metric space 
connected?

 N
ot p

oss
ib

le

 If 
it 

co
ns

ist
s o

f o
ne

 po
...

 If 
it c

o nsis
ts 

of 
tw

o p.
..

 If
 it 

co
ns

ist
s o

f fi
nit

el.
..

 If 
it c

on
s

ist
s o

f in
fin

it..
.

27%

35%

15%

20%

4%

1. Not possible

2.2. If it consists of one point If it consists of one point 
onlyonly

3. If it consists of two 
points

4. If it consists of finitely 
many points

5. If it consists of infinitely 
but countably many 
points.

A ball in a connected metric space 
need not be connected. 

 T
ru

e

 F
als

e

60%

40%

1.1. TrueTrue
2. False



14

Let A be a subset of a metric space 
(X,d). If the boundary ∂A is 

connected, is A itself connected?

 Y
es  N

o

38%

62%1. Yes

2.2. NoNo

The checkerboard:
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Consider the set

 A
 is

 p
at
h 
co

n
ne

ct
ed

 ..
.

 A
 is

 co
n
ne

ct
ed

 b
ut

 n
o...

 cl
 A

 is
 co

n
ne

ct
ed

, b
ut
. ..

43%

23%

34%

.0
1

sin, 2
RRRR

⊂








>






= x
x

xA

Which statement is false.
1. A is path connected and 

connected.

2.2. A is connected but not A is connected but not 
path connected.path connected.

3. cl A is connected, but not 
path connected.

0.5 1.0 1.5 2.0

-1.0

-0.5

0.5

1.0

Evaluation:
Using the Audience Response Systems 

(ARS) for this revision session was a good 

idea.

 S
tro

n
gly

 A
gr

ee

 A
gre

e

 N
eu

tra
l

 D
isa

gr
ee

 S
tro

ng
l y

 D
isa

gr
ee

64%

21%

11%

0%
4%

1. Strongly Agree
2. Agree
3. Neutral
4. Disagree
5. Strongly Disagree


