UNIVERSITY OF

5 BATH

Localised modes due to defects in high contrast
periodic media via homogenization

Ilia V. Kamotski and Valery P. Smyshlyaev

Bath Institute For Complex Systems

Preprint 3/06 (2006)

http://ww. bat h. ac. uk/ mat h-sci /BI CS



Localised modes due to defects in high
contrast periodic media via homogenization

L.V. Kamotski'? and V. P. Smyshlyaev'!
15th February 2006

1 Department of Mathematical Sciences, University of Bath, Claverton Down, Bath
BA2 7AY, UK.

2 Corresponding author: tel. +44 1225 386224 fax. +44 1225 386492
e-mail: [. Kamotski@maths.bath.ac.uk

Abstract

The spectral problem for an infinite periodic medium perturbed by a
compact defect is considered. This may be seen for example as a sim-
plified scalar cross-sectional model of the problem for localised modes
in photonic crystal fibers. For a high contrast small size periodicity and
a finite size defect we consider the critical (the so called double poros-
ity type) scaling. We employ (high contrast) homogenization for deriv-
ing asymptotically explicit limit equations for the localised modes (expo-
nentially decaying eigenfunctions) and associated eigenvalues. Those are
expressed in terms of the eigenvalues and eigenfunctions of a perturbed
version of a “two-scale” limit operator introduced by V.V. Zhikov, with an
emergent explicit nonlinear dependence on the spectral parameter for the
spectral problem at the macroscale. Using the method of asymptotic ex-
pansions supplemented by a “high contrast” boundary layer analysis we
establish the existence of the actual eigenvalues near the eigenvalues of
the limit operator, with tight “e square root” error bounds (¢ is the small
parameter). An example for circular or spherical defects in a periodic
medium with isotropic homogenized properties is given and displays ex-
plicit limit eigenvalues and eigenfunctions. Further results on improved
convergence of eigenfunctions via the technique of strong two-scale re-
solvent convergence and associated two-scale compactness properties are
discussed.

Keywords: localised modes, defects in periodic media, high-contrast ho-
mogenization, double porosity scaling, eigenvalue problem, boundary layer
analysis, error bounds



1 Introduction

Studying the spectral properties of operators with periodic coefficients, with
and without “defects”, has recently received considerable attention in the math-
ematical literature, see e.g. recent review [22]. The interest is at present mostly
motivated by problems in physics and engineering associated with photonic
or phononic crystals and photonic crystal fibers, see e.g. [37], [30]. A photonic
crystal fiber (PCF) for example represents geometrically a periodic medium
(whose physical properties vary across the fiber but not along it), with the de-
fect being its “core”, which is a propagating “channel” or a waveguide: elec-
tromagnetic waves of certain frequencies (the “band gap” frequencies) fail to
propagate in the surrounding periodic medium and hence remain localised
inside the PCF, which allows for them to propagate along the core for long
distances with little loss [30]. Mathematically, the problem reduces to an ap-
propriate spectral problem at the cross-section of the PCEF, cf. Figure 1. This is
that of characterisation of localised modes or eigenstates (whenever such ex-
ist) in the band gaps in the Floquet-Bloch spectrum for the Maxwell’s operator
in the surrounding periodic medium with a fixed “propagation constant” (the
wave vector along the fiber). The latter cross-sectional geometry is a periodic
medium “perturbed” by a finite size heterogeneity (domain (), in Fig. 1). The
problem is hence first in detecting the band gaps in the periodic medium with-
out defects and then in finding, in the presence of a defect, the “extra point
spectrum” in the gaps as well as the associated eigenfunctions, the localised
states. In the present work we aim at detecting such localised modes in an
asymptotically explicit way due to defects in high contrast periodic medium
using the tools of (high contrast) homogenization theory. In physical terms,
we consider a simplified model with scalar rather than Maxwell’s equations
and with in effect zero propagation constant. We expect that this nevertheless
captures the essence of the underlying effects, making thereby the proposed
methodology more transparent avoiding at the same time additional technical
complications.

Substantial literature is devoted to problems from the above described gen-
eral class. Apart from numerous computational approaches (e.g., [26, 19, 24,
25]), most of the mathematical treatments have been “qualitative”, establish-
ing the existence of the band gaps, of the point spectrum in the gaps in the
presence of defects, some bounds on the number of the eigenvalues in the gap,
on the pattern of the (exponential) decay of the eigenmodes, etc, see [22] and
further references therein. If however the problem contains one or more small
parameters, e.g. high contrast, often in the presence of other small parame-
ters, e.g. thickness of thin periodic (high contrast) structures, the asymptotic
methods become potentially applicable for more explicit answers to the above
questions, cf. [33]. In mathematical literature, various results on the existence
and the asymptotic description of the band gaps in high contrast periodic me-
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dia have been obtained on this way, [16, 17, 20, 29]. In particular, methods
of homogenization theory, including those of high contrast homogenization,
have proven to be particularly fruitful for problems from the above general
class, see e.g. [39, 4, 12, 6, 18].

Hempel and Lienau [20] studied the spectral problem for a matrix-inclusion
high contrast periodic medium and established asymptotically explicit band
gaps using min-max variational methods. Zhikov [39, 40] has independently
used for this case techniques of high-contrast homogenization of double-porosity
type. Related periodic medium has periodicity cell size € and the contrast be-
tween the “inclusion” and the “matrix” of order & (e is small), which is equiv-
alent to the scaling of [20]. As a result the spectrum converges in the sense of
Hausdorff to an explicitly described “limiting” spectrum which contains gaps.
Zhikov, using the techniques of two-scale convergence [23, 3], has made sig-
nificant further advances having additionally described an associated (“two-
scale”) limiting operator and clarified further the convergence of the spectra
in terms of the strong two-scale resolvent convergence, the associated con-
vergence of the spectral projectors and certain additional compactness prop-
erties. Zhikov has also shown that at the “macroscale” the spectral problem
displays an emergent explicit nonlinear dependence on the spectral parame-
ter, see (3.17) below.

In this paper, using the (high contrast) homogenization theory methods,
we show that if such a rapidly oscillating high-contrast medium is perturbed
by a compact “defect” of size of order one, asymptotically explicit eigenvalues
and eigenfunctions can emerge in the gap when ¢ — 0. The essential spectrum
is known to remain unchanged under such a perturbation [10, 2, 14], and the
existence of the point spectrum in the gaps of the unperturbed operator has
also been established on some accounts together with some estimates on the
number of eigenvalues in the gap, see [2, 14, 15] and further references in re-
view [22]. We argue that the homogenization techniques allow to substantially
refine this information, providing an explicit asymptotic description and tight
bounds on the (convergent) eigenvalues and eigenfunctions, and ultimately
on their number via some kind of “asymptotic completeness” of the spectrum
in the gap as described by an “explicit” limit operator.

We employ in this work the method of asymptotic expansions supplemented
by its rigorous justification, in the case of “regular” boundaries for both the
periodic inclusions and the defect. This allows to obtain not only an explicit
description of the “limit” equations and the “convergence” results, but also to
establish the rate of convergence: the main technical result is the error estimate
(4.1), with the “e-square-root” bound being typical for classical homogeniza-
tion with boundary-layer effects, see e.g. [21] and further references therein.
The method of asymptotic expansions in the “moderate contrast” classical ho-
mogenization as well as its rigorous justification are well developed, see e.g.
[9, 31, 7, 21]. Applications of asymptotic methods for high contrast (double
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porosity-type) homogenization can be found e.g. in [32]. On the other hand,
error estimates in homogenization can be obtained by other methods, includ-
ing the so called spectral method, e.g. [8, 38, 5, 11, 42], as well as by mod-
ifications of the asymptotic expansions method with no assumptions on the
regularity of the coefficients, e.g. [41]. One novel technical ingredient in the
present work is perhaps the execution of a delicate boundary layer asymptotic
analysis in the high contrast case in conjunction with the need of explicitly
accounting for up to the second-order corrector in the asymptotic expansion
(Appendix B).

The structure of the paper is following. We first formulate the problem
(Section 2), then give an explicit description of the “limit problem” in Section
3. Section 4 establishes the convergence and error bounds for the eigenvalues
and the eigenfunctions (Theorem 4.1). An explicit example illustrating the ex-
istence of the point spectrum for the limit operator for spherical defects in a
surrounding periodic medium with isotropic effective properties is given in
Section 5. Finally we discuss the improved convergence of the eigenfunctions
and their “asymptotic completeness” via the methods of two-scale resolvent
convergence and associated compactness properties, Section 6. Appendix A
gives formal derivation of the limit problem, as well as of the first and second
order correctors required for the rigorous justification. We give full proof of
Theorem 4.1, whose most technical part (Theorem 4.2, including a number of

accompanying technical lemmas and propositions) is given in the Appendix
B.

2 Formulation of the problem

We consider a high contrast two-phase periodic medium with a small period-
icity size and with a “finite size” defect filled by a third phase. The geometric
configuration is displayed on Figure 1.

The precise mathematical formulation is following. Let Q := [0,1)" be the
reference periodicity cellinIR”, n > 2, and let Qp CC Q be a connected domain
(a “reference inclusion”) in Q with infinitely smooth boundary. Denote by Q;
be the complement of Qg in Q, Q1 := Q\ Qo (the overbar denotes the closure of
the set). Let QB be the corresponding contracted set, i.e. Qf) ={x:x/e € Qo},
where ¢ > 0 is a small positive parameter. We denote by Qf the e-periodic
cloning of Qg, ie. Qf = QB + eZ". Let the “defect domain” (), be an e-
independent bounded domain with infinitely smooth boundary. We denote by
QB the set of all the inclusions in Qf which intersect with the boundary 0}, of
)y, and by QS the union of all the parts from Qg outside (), i.e. QS = QS\Q—Z,
see Figure 1.

One phase, the “inclusions phase” of the resulting composite medium, de-
noted (), is the collection of all the small inclusions lying entirely outside the
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Figure 1: Geometric configuration: a defect in a rapidly oscillating high con-
trast medium

defect (), i.e. QF := Qf\ (U Q). The “matrix phase”, denoted ), is the

supplement to the inclusions outside the defect, i.e. Qf := R"\ (Q§U ).

We assume that the matrix and the defect are “filled” with materials with e-
independent uniform properties a1 and a; respectively, and the inclusions are
filled with materials with e-dependent (uniform) properties: ag(e) and do(e)
for the “full” (domain ()j) and the “cut” (domain QB)) inclusions respectively.
Mathematically, for every positive (small enough) ¢ we consider the spectral
problem

Agut = Ae)uf (2.1)

for operator A, self-adjoint in L? (R"),
Auf == =V - (a(x,e)Vus(x)), x € R", (2.2)

where
ap(e), x € Qf,
— ﬁo (8), X e QB/
a(x,e) = 0, x e Qx, (2.3)

an, x € .

We assume that
ao(e) = age? (2.4)
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(which is the so-called double porosity scaling), with ag, as well as a; and a,
being arbitrary positive constants. There is a degree of freedom in this work
for selecting the scaling for dp(¢) in the "boundary layer”, so we only require
that

0 < dg(e) < A (2.5)

with some e-independent positive Ag. Hence the results of the present pa-
per remain valid, for example, both for the double porosity scaling where
doe) = dpe® with some e-independent positive 4y, in particular for 4y = ag
(physically, the “cut” inclusions outside the defect being kept), as well for j (e)
being “of order one”, e.g. dp(e) = Ao, in particular for Ay = a; or Ay = ay (the
cut inclusions being replaced by the matrix or defect material). We also re-
mark that the results presented in this paper will remain equally valid for the
“boundary” inclusions Qf also cutting out of the “defect” part (), (the max-
imal generality has not been pursued to avoid unnecessary further technical
complications). Notice however that for our subsequent stronger results on
the Hausdorff convergence of the spectra and the convergence of the eigen-
functions (see the Discussion section, Section 6, below) an “order one” choice
for dy(e) becomes necessary.

The equation (2.1) is understood in the usual weak sense, implying the con-
tinuit~y of u® and of the conormal derivatives at the boundaries of ()5, 3§, ()
and ().

Hence for every fixed positive e (2.1)-(2.2) represents a spectral problem
for an operator with periodic coefficients “perturbed” by a localised defect.
We are mostly interested in the existence and asymptotics for the eigenvalues
A(e) and the associated localised solutions (eigenfunctions) u®(x) of (2.1) when
e — 0.

3 Homogenization and the limit problem

We describe in this section the formal asymptotic procedure for solving (2.1)-
(2.2) when ¢ — 0. It is rigorously justified in the subsequent sections.

One can seek a formal solution to the spectral problem (2.1)—(2.2) in the
form of a standard two-scale ansatz:

uf(x) = ul®(x,x/e) +euV (x,x/¢) +u® (x,x/¢) + r(x), (3.1
AMe) = Ag+o(1), (3.2)

where 1 (x,y), uV(x,y) and u® (x, y) are functions to be determined which
are Q-periodic in y, the remainders r°(x) and o(1) are expected to be small
when ¢ — 0, with Ag and u(% (x, ) subsequently having the meaning of the
eigenvalues and eigenfunctions of a “limit problem”. [We subsequently show
that the remainder o(1) in (3.2) is in fact “of order '/2”, i.e. O(e!/?), see (4.1).]
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A formal substitution of (3.1)-(3.2) into (2.1) results upon straightforward
calculation in the following structure of the main-order term u(?)(x,vy), see
Appendix A:

(0) _ | uo(x), xey or x € R\, y ¢ Qo,
u(x,y) = { up(x) +o(x,y), x € R"\Oy, y € Qy, 3.3)

which highlights the fact that u(?) varies only at the “slow” scale x (as is the
case in the “classical”, i.e. not high-contrast, homogenization) everywhere out-
side the domain of “soft” inclusions ()5, however may depend on the fast vari-
able y = x/¢ in Q). Further, the pair of functions (uo(x), v(x,y)) must solve
the following “limit” coupled spectral problem:

-V -;Vuy(x) = Agug(x), x € Oy, (3.4)
—V AP (x) = Ag (ug+ (v)y), x € R"\(y, (3.5)
—apAyv = Ag(ug +v),y € Qo; v =0,y €9Qp (x € R"\O3.6)

dug du

(uO)_ = (u0)+; ap (%) = <A¥}°m$ni> , x € 90x(3.7)
- +

]

Here

(0)y(x) == |Q|! /Qv<x,y> dy (3.8)

denotes the averaging with respect to i over the periodicity cell Q (extending
v by zero outside Qp); (-)— and (-)+ denote respectively the interior and exte-
rior limit values of the appropriate entities at the boundary 02, of ), 1 is the
interior unit normal to d();, summation is henceforth implied with respect to
repeated indices. In (3.5) Ahom — <A2.°m) is the standard “porous” homog-

enized matrix for the above described periodic medium with ag = 0, see e.g.
[21] §3.1:

Alomzz — ing / 0|+ Vwldy (¢ €R"). 3.9
= int [ mie Vel @eR). @)

Notice in passing that, following the pattern of Zhikov [40], the above
“limit problem” (3.4)-(3.7) can be interpreted! as a spectral problem for a “limit”
operator (which we will denote Ap) acting in the following Hilbert space Hj:

Ho = {ulny) € R Q) | ulx,y) = () +o(x,), m € (R,

ve [? (]R”\Qg, LZ(QO)) } (3.10)

ISee discussion in Section 5 on rigorous definition of the limit operator.
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Operator Ay is generated by the (closed) symmetric and bounded from below
quadratic form By on dense domain

V = H'(R") + 12 (R"\(, H}(Q) ) (3.11)
of Hy defined as follows: foru = ug+v € V,

Bo(u,u) = az/ |Vu0|2dx+/ AP0 - Vg dx -|—/ / |Vyv|2dydx.
o) R R™\Q, / Qo

(3.12)
The resulting (self-adjoint) operator Ay is defined in standard way in a dense
domain D(Ap) C V. (The latter fact is not of a direct use in the present paper
and hence is not elaborated upon here.)

On the other hand, the limit problem (3.4)—(3.7) can be simplified as fol-
lows, cf. [39, 40]. Assume Ag # A; for all j > 1, and let A; and ¢;(y) be the
eigenvalues and the (normalized) eigenfunctions respectively of —apA, in Qo
with Dirichlet boundary conditions on dQg (A, is the Laplace operator). Then,
applying the spectral decomposition to (3.6), one can eliminate v(x,y), as a
result:

n\Qz

<§0j>y ‘
5, (3.13)

o(x,y) = Aouo(x) )

j=1

Substituting (3.13) back into (3.5) we arrive at the following spectral prob-
lem for 1y with a nonlinear dependence on the spectral parameter A:

-V aZVuo(x) = /\ouo(x), x € Oy, (3.14)
—V - AP0 (x) = B(Ag)up(x), x € R™N\Qy, (3.15)
Buo homauo
(MO)_ = (u0)+/ ap (%)_ = <A1] E)—xjnl) +, X € 802. (316)
Here 2
_ 2 (9i)y
BA):= A+ A% ) py— (3.17)
]':<§0j>y750 ]

is the function introduced by Zhikov [39, 40], see Figure 2. (Strictly speaking,
A1, Ag, Az, ... on Fig. 2 denote only the eigenvalues corresponding to ¢; with
non-zero mean, ordered by increasing values.)

The spectrum of the “unperturbed” limit operator (with no defects) con-
sists of the union of A where B(A) > 0 and of A, j=12,..,[40]. If <q0]-)y =0
the spectrum of the limit operator also contains (infinite multiplicity) point
spectrum at A = A;. Hence the limit operator has gaps when B(A) < 0,
A#A,j=12,..



Figure 2: Function B(A)

In this work, for the “perturbed” linear operator Ay, restricting ourselves
only to values of A in the gaps of the unperturbed limit operator, we define A
to be an eigenvalue of A if f(Ag) < 0, Ay # Aj,j = 1, and the system (3.14)-
(3.17) admits a solution 1 (x) decaying at infinity (hence, decaying exponen-
tially since B(Ag) < 0). We define as an eigenfunction (or an eigenvector) of
Ay the pair of functions (ug, v), where uy(x) is the above solution and v(x, y)
is related to up(x) via (3.6) (equivalently (3.13)) for y € Qp and x € R"\ (), and
extended by zero for the remaining values of x and y € Q.

One can show from (3.14)—(3.16) that the “perturbed” limit operator Ay
inside the gaps of the unperturbed operator can only develop isolated eigen-
values of finite multiplicity. As we show in Section 5, the problem (3.14)—(3.16)
admits in some cases an explicit calculation of its eigenvalues and eigenfunc-
tions.

4 Convergence and error bounds for eigenvalues and
eigenmodes

The main result of the present work is the following theorem establishing the
closeness of the spectrum of the original operator A, to the spectrum of the
above described limit operator Ag as ¢ — 0:

Theorem 4.1. Let Ay be an eigenvalue of limit operator Ay, B(Ag) < 0, Ag # Aj,j >
1. Then there exists g > 0 and a constant C; > 0 independent of € such that for
any 0 < e < g there exists an isolated eigenvalue A(e) of operator A, of finite
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multiplicity, such that
IA(e) — Ag| < Crel/2. (4.1)

Moreover if (ug,v) is an eigenfunction of Ao which corresponds to Ay then the
function

up(x) +o(x,x/e), xeQf,

appr = ~

uPP(x,€) : { up(x), x € QUM UOS, (4.2)
is an approximate eigenfunction for A at least in the following sense®: there exist
constants c;(e) such that

[ u?PPr — ) cj(e)u ||, mn) < Coel/?, (4.3)
JSE

where J. = {j : |AU(e) — Ag| < Cel/2} is a finite set of indices (for each ¢), and
AU (g), u;(x) are eigenvalues and Ly-normalized eigenfunctions of Ae, and the con-
stants C and C are independent of e.

Proof: We first establish estimates somewhat related to the “strong resol-
vent” convergence of operators Ac when ¢ — 0. Strictly speaking, those are
related to some generalization of the above: the usual resolvent convergence is
not suitable for our purposes because the space where the limiting operator A
acts differs from the space natural for operators A,. One therefore has to refer
to the so-called two-scale strong resolvent convergence, see Zhikov [39, 40].

Let u%(x,y) = (uo(x),v(x,y)) € D(Ap) be an eigenfunction of the operator
Ay corresponding to an eigenvalue Ag, f(Ag) < 0, Ag # Aj,j = 1. Denote by U,
the “transfer” operator, constructing from u° the approximate eigenfunction
u?PP’ via (4.2), i.e.:

0 [ up(x)+o(x,x/e), x€ ),
(Uen) (x) = { up(x), x € QU U (44)
Notice that due to the regularity of 1y and v (which solve (3.14)-(3.16)), de-
composition (3.13) and the exponential decay of 1y at infinity when B(Ag) < 0,
Uu® € Ly(R™).
We formulate next the main technical statement of this work, close to that
of the two-scale resolvent convergence, cf. [39, 40]:

Theorem 4.2. Let u°(x,y) = (ug(x),v(x,y)) € D(Ag) be an eigenfunction of the
operator Ao :
Aouo = Aouo, Ao # )t], ] >1; IB()\()) < 0. (4.5)

2See the discussion in Section 6 on strengthening of the result on convergence of the eigen-
functions.
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Consider the following problem for the original operator Ag:
(Ae + 1)it® = (Ag + 1)U (4.6)

Then
[Ueu® — || 1 oy < Ce'/2, (4.7)

with a constant C independent of €.

Remark 4.1. The above estimate can be rewritten in a form which somewhat
clarifies the role of operator U,:

IUe(Ag + 1) 'u® — (Ae + 1) U] < Ce'/2, (4.8)

0

where 1" is an eigenfunction of operator Ay, cf. [41].

The proof of Theorem 4.2 constitutes the main technical component for es-
tablishing the central result (4.1) of the present work. The proof of the main er-
ror bound (4.7) requires, among other ingredients, the development of a “high
contrast” (“double porosity”) version of the asymptotic analysis of the bound-
ary layer near the boundary of the defect (), conceptually somewhat similar
to e.g. [21] §1.4. The complete proof of Theorem 4.2 is given in Appendix B.
We remark here that the need of executing a series of technical error estimates
in Appendix B is caused by the fact that “globally” we can explicitly construct
only the main order term in the asymptotic expansion, with the major obsta-
cle being the need to control the effect of the boundary layer near the defect’s
border 9(),. Constructing or analyzing the boundary layer in homogenization
is still an open problem in general, even in the classical (“moderate contrast”)
case, see [27, 28] for some latest developments, although its effect can be in-
stead somewhat “controlled” via an error bound of order ¢1/2 in the H! norm,
see e.g. [21] §1.4 for the case of boundaries with Dirichlet or Neumann con-
ditions. In the present work we face however the high contrast version of the
boundary layer problem and in effect show that even in this case (for the in-
terface conditions) the boundary layer accounts for the “e-square root” error,
but in the L, norm, see (4.7). The series of technical lemmas and propositions
in Appendix B ensure that the approximation Uu" is “nearly” the exact so-
lution 7® in the sense of appropriate quadratic forms, see (B.3). Namely, the
“main-order” contributions of the quadratic forms correspoding to Usu" and
i1® coincide and the errors are controllably small, including those due to the
boundary layer.

Denote by 0ess(Ae) the essential spectrum of operator A,. The next step is,
partly, a specialization of a more general methodology, see e.g. [21] §11.1, to
the present context:

Lemma 4.3. Let A be an eigenvalue of operator Ay, B(Ag) < 0, Ag # Aj,j=1,and
let u® = (ug, v) be associated eigenfunction. Then:

11



(i) For sufficiently small e there exists c > 0 independent of ¢,
(Ao — ¢, Ag+¢) [ ) Oess(Ae) = @. (4.9)

(ii) There exists, for sufficiently small e, an isolated eigenvalue (hence of finite mul-
tiplicity) A(e) of operator Ag, such that

IA(e) — Ao| < C1€'/2, (4.10)
with constant Cq independent of e.

(iii) There exist constants cj(e) such that

JU® = Y cj(e)uclln, < Ca'2, (4.11)
J€EJe

where Jo = {j : |AU)(e) — Ag| < Ce'/2}, and A(f)(e),uf(x) are eigenvalues
and (Ly-normalized) eigenfunctions of Ae, and the constants Cy and Cy are
independent of e.

Proof. (i) The assertion (4.9) follows from the Hausdorff convergence of the
spectra of the “unperturbed” (i.e. with no defects) operators with periodic
coefficients [20, 40], and the stability of the essential spectrum due to localized
defects, e.g. [14].

(ii) To prove (4.10) recall that the distance from a point u to the spectrum of
a linear self-adjoint operator B in L,(IR") can be bounded from above as

| Bu — .””HLz(IR”)
HuHLz(]R”)

dist(, 7(B)) < , 4.12)

with any u € D(B), u # 0. Let us take as B and p, respectively, B = B, :=
(Ae+ 1) and 4 = (Ao +1)"1. Then obviously A € c(A;) if and only if
(A+1)"! € o(Be). Now select u = U.u". Then according to Theorem 4.2, see
(4.8), the numerator in (4.12) can be estimated as follows

[(Ae+ 1) U® = (14 Ag) ™ Ut re) =

= [|(Ae + 1) M Uu® — Ue(Ag + 1)1y < Ce/2, (4.13)
(where we have also used that (1 + Ag) " 'u® = (Ag + 1)~ !u®). Obviously, the

denominator in (4.12) is bounded from below (e.g. || U:u?|| w2 oy, >

0). As a result, dist(y,(B;)) < cie'/?, with some e-independent c;. Us-
ing then for small enough ¢ for example obvious inequality dist(Ag, 0(A;)) <

L(e)dist(p, o(B)) with L(e) = (s — c1¢/2) " we arrive at dist(A, 0(A;)) <
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ce!/2, with some e-independent positive constant c. Finally notice that, for suf-
ficiently small ¢, the interval (Ao — ce!/2, Ag + ce'/?) may contain only isolated
eigenvalues of A, by (4.9). This proves the existence of eigenvalues A(e) satis-
tying (4.10).

(iii) The assertion (4.11) is a consequence of (4.10) and general results, see
e.g. [36] or [21] §11.1, and follows by applying spectral decomposition of Uu"
with respect to A, and using (i) and (ii). O

Now the Theorem 4.1 directly follows from Theorem 4.2 and Lemma 4.3.
O

Remark 4.2. We expect it would be relatively straightforward to slightly mod-
ify the statement of Theorem 4.1 for limit eigenvalues Ay with “multiplicities”.
Namely, let there exist m, 2 < m < oo, linearly independent eigenfunctions
u](-o)(
for sufficiently small ¢, there exist not less than m eigenvalues of A, (counted
with their own multiplicities) such that the error bound (4.7) is valid for each
of them. The above proof could be modified for this case by for example first

“orthogonalizing” u( )(x y), j = 1,..,m (with respect to the inner product

induced by the quadratlc form By, see (3.12)), and then showing that the as-
sociated approximations Usu?, j = 1,..,m are “approximately” mutually or-

x,y), ] = 1,...,m of the two-scale limit operator Ap. Then we claim that,

thogonal for small ¢ in the “original” space Ly (R"). The latter would then
allow to modify the above existence and error bounds argument for the case
of multiplicities. We do not elaborate on this in detail to avoid further tech-
nical complications, but also since we believe that a further strengthening of
this result is possible (via a further advance of the theory), to the effect that
there are not only “at least” but also “at most” as many eigenvalues: see the
discussion in Section 6.

5 An example

Straightforward analysis of the limit problem (3.14)—(3.16) shows that there are
explicitly calculated isolated eigenvalues of operator Ay, at least in the case if
Oy = {x : |x|] < R} (i.e. the defect is a ball of some radius R > 0) and
Abom — ghom[ ' e the porous homogenized matrix is isotropic as is the case
e.g. when Qp has appropriate symmetries (in particular being itself a “small”
ball). We briefly sketch the details below.

Under the above assumptions a solution to the spectral problem (3.14)-
(3.16) is sought by separation of variables in the spherical coordinates x =
(r,w), r:=|x|,w:=x/|x| € S" 1, (n >2):

(n=2)/27 (A /a2)Y27) Py(w), x| <R,

up(x) = { py—(n— 2/21 (|,B( )/b‘lhom|1/21’) Pu(w), |x| >R, ’ (5.1)
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assuming A > 0, B(A) < 0. Parameters m, A and « are to be found. Here
Jm(z) and I,(z) are the Bessel and the modified Bessel functions respectively,
see e.g. [1], Py(w) are the spherical functions which are the eigenfunctions of
the Laplace-Beltrami operator A, on S"~!:

(Aw +m?—(n— 2)2/4> Pu(w) = 0. (5.2)

The spherical spectral problem (5.2) is a classical one and defines explicit
eigenvalues m and eigenfunctions Py, (e.g. for n = 3 the spectral parameter
m is half-integer and Py, in spherical coordinates (6, ¢), are products of the
Legendre polynomials of cos 6 and trigonometric functions of ¢; for n = 2
those are trigonometric functions and m is integer). Having selected m and
associated Py, (w) the function uy(x) determined by (5.1) automatically satisfies
the equations (3.14) and (3.15), and exponentially decays at infinity (r — ©0),
with the rate exp (—|B(A)/a"™|1/2r). The remaining parameters « and A (the
eigenvalue) are determined from (3.16) at r = R, which specializes to:

T <(/\/a2)1/2 R) — al, (|,B(/\)/ah°m|1/2 R) (5.3)

n—2
2

= a|pnam | 1, (11 /ahom V2 R) — aghom

(Aaz)'?];, ((Mﬂz)mR) Ry N— ((A/az)l/zR) - (5.4)

n—2
oI (1B /a™™[1/2R)),
where J,, and I}, denote derivatives of the relevant functions.

All A with B(A) < 0 for which there exists a solution to (5.2), (5.3)—(5.4)
describe the point spectrum of the operator Aj in the “gaps”. One can see that
it is generally non-empty. Say, forn = 3and m = 1/2, P; ,(w) = 1is an eigen-
function of (5.2) (which determines the spherically symmetric solutions of (5.1)
), and J1,, and I, are represented by explicit trigonometric and exponential
functions respectively. This allows replacing the “radial” parts in the right
hand sides of (5.1) by r!sin((A/az)'/?r) and r L exp(—|B(A) /at°™|'/2r), trans-
forming (5.3)-(5.4) into:

sin((A/az)l/z R) = & exp (—|ﬁ(A)/ah°m|1/2 R) (5.5)

(Aaz)Y/2 cos <(/\/a2)1/2R) _ %2 sin ((A/az)l/zR) _

1
—aghom [|/3(A) Jabom 172 1 E} exp (—[B(V)/a™[V2R) . (56)
The condition of solvability of (5.5)—(5.6) obviously reads:
1/2
hom hom
vag) L A —a _ (domlph) ,
cotan ((A/az) R) + ) 2R < iy , B(A) <0. (5.7)
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Noticing that the left hand side of (5.7) is a function of A1/2R one can easily see
that by varying R > 0 one can obtain infinitely many solutions of (5.7) at any
Ain any gap (B(A) < 0) of the unperturbed linear operator.

6 Discussion: further refinement of the results.

In this section we describe a strategy for further refinement of the results for-
mulated in the Theorem 4.1 using the techniques of two-scale convergence
[23, 3, 39, 40]:

1. One can first establish the strong two-scale resolvent convergence for the
original operators A, and the limit operator Ay, see (3.10)—(3.12), follow-
ing the strategy of Zhikov [39, 40].

2. The above strong two-scale resolvent convergence implies the (“two-
scale”) convergence of the spectral projectors, cf. [39, 40] for the case
with no defect.

3. Following further the pattern of Zhikov, one expects establishing the
“two-scale” compactness property of the (normalised) eigenfunctions in
the “gap”: Let A; € 0,(Ae), {Ae} bounded, be eigenvalues of A. with
associated normalized eigenfunctions u® (||u*||2(gny = 1). Then the set
{u} is pre-compact in the sense of two-scale convergence, i.e. there ex-
ists a subsequence ¢; — 0 such that A — Ag and u¢; converges to u%(x,v)
strongly in the sense of two-scale convergence. (The latter implies that A
is in the point spectrum of the limit operator Ay and u" is the associated
eigenfunction.)

The above implies the convergence of the spectrum of A, to that of Ay in
the sense of Hausdorff, a result establishing a converse part of the Theorem 4.1:
if Ae — Ao then Ag € 0}, (Ag). The above also implies a refined convergence
of the eigenfunctions compared to (4.3): for any eigenvalue Ay of Ag and the
associated eigenfunction u°(x,y) there exist sequences of eigenvalues A(e) of
A¢ with associated eigenfunctions u*(x) such that

|uf(x) — 1l (x,x/€)|| < Ce'/2. (6.1)

This all can be interpreted as an asymptotic “one-to-one correspondence” as
¢ — 0 between the gap spectrum of A, and that (“explicit”) for the limit oper-
ator Ap. A detailed account will be given elsewhere.

Finally, we expect the conditions on the regularity of the boundaries of do-
mains Qp and (), could also be relaxed, using the technique of “translational
averaging”, cf. [41, 34], [21] §8.3.
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A Formal derivation of the limit problem (3.4)-(3.7).

This appendix formally derives the limit equations (3.4)—(3.7) via two-scale
asymptotic expansions in the form (3.1). It also establishes the structure of
the “first” and “second” corrector terms in (3.1) as required for subsequent
rigorous justification.

The asymptotic solution to (3.4)—(3.7) is sought in the form of two-scale
ansatz (3.1)—(3.2), where 19 (x,y), "V (x,y) and u(® (x,y) are assumed to de-
pend periodically on the “fast” variable y only outside the defect (),. The exact
solution u®(x) satisfies the standard continuity conditions at the boundary 00}
of the small inclusions away from the defect:

(uf(x))y = (uf(x));, x €00, (A1)

and ot ot
20U o e
(aoe E» (x))O = <a1 E» (x))l, x € 0QY, (A.2)

where the subscripts “0” and “1” denote the limit values at the boundary eval-
uated in ()5 and (), respectively; n stands for unit normal to dQ)§ which we
select as outward for the matrix phase ()f (and hence inward for the inclu-
sions ()j). Similar boundary conditions are also satisfied at the boundaries of
the defect d(); and of the “boundary layer” inclusions ().

The ansatz (3.1)—-(3.2) is first substituted into the equation (2.1)—(2.2) and
the “interface conditions” (A.1)-(A.2), away from the defect.

By equating first the terms of order ¢ 2 in (2.1) and of order ¢ ! in (A.2),

d
~Vy- alvyu(o)(x,y) =0y € Qy alﬂu(o)(x,y) =0, y € 9Qo,
(with n, being the outward unit normal for Q).
This is a homogeneous Neumann problem in Q; with periodic boundary
conditions, whose solution is an arbitrary constant in Q; (i.e. independent of
y) which implies (3.3). The balance of the terms of order ¥ in (A.1) implies (cf.

(3.6))
v(x,y) =0, y € aQo. (A3)

Equating next the terms of order ¢! in (2.1) and of order € in (A.2), we
arrive at:

0 0
~Vy- alvyu(l)(x,y) =0, ye Qy alﬁu(l)(x,y) = —alﬁuo(x), y € 9Qy,
Y x

together with the periodicity conditions in y. This is a standard “corrector”
problem for “porous” (or “perforated”) periodic domains. As a result,

dug(x)
ax]-

u(x,y) = Nj(y) : (A4)
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where N; is the solution of the “porous” unit cell problem with periodic bound-
ary conditions (e.g. [21] §3.1):

0
111AN]' =0, y e Q1; al%Nj = —mn;, y S BQO (A5)

It is convenient to treat the functions N;(y) as defined in the whole of the pe-
riodicity cell Q: with this aim they are extended into the “inclusion” domain
Qo by “harmonic continuation”: AN; = 0, in Qp, N; € C(Q). The above pro-
cedure determines N; up to a constant which is specified by the condition that
the average of N; is zero: (N;(y))y = 0.

Equate now the terms of order €” in (2.1). As a result, in Q,

—apAyv(x,y) = Ao(ug(x) +0(x,y)), (A.6)

which together with (A.3) fully recovers (3.6). In particular, this implies that
v(x,y) can be uniquely presented as

v(x,y) = uo(x)V(y), (A7)
where V is a solution of the problem
—apANyV = AoV + Ao, y € Qo; V=0, y € 9Qo. (A.8)

It is further assumed that V' is extended by zero to Q and is then periodically
extended on the whole R".
In turn, in Qj, taking into account (3.3) and (A.4):

—alAyu(z)(x,y) = 2a1Nji(y)uojx(x) + a1Axuo(x) + Aouo(x), y € Q1. (A9)

(Henceforth comma in subscript denotes differentiation with respect to vari-
ables with following indices.)
This equation has to be supplemented by boundary conditions which result
from equating in (A.2) the terms of order ¢!, which results in:
a (2

a1=—u

any

0 0
) = —a1 N]'Euol]' + 00%0. (AlO)

Treating (A.9)—(A.10) as boundary value problem for u(%) in y for any fixed
x, the Green’s formula together with the periodicity boundary conditions in y

imply:

d
a A =4 / —u(z),
Yo, Y ! Jagy ony

which yields:

(—a1 Dxug(x) — Agug(x)) [Q1] — 201uo,jk(x)/Q Nix(y)dy =

1
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d

/aQo <_“1 N;i(y)uo e (x)ne(y) + ao%v(x,y)) dy.

Applying the integration by parts to the right hand side surface integrals and
using (A.6) we arrive at (3.5) where

AE"“‘ = <y(y)a1 ((51']' + Nj,i(y))> , (A.11)
y

and p(y) is the characteristic function of Q1 (u(y) = 1,y € Q1 u(y) = 0,
y € Qo). This is a well-known representation of the entries of the porous
homogenized matrix Ahom equivalent to (3.9), see e.g. [21] §3.1. Hence the
limit equation (3.5) in recovered.

To complete the formal derivation of the limit problem (3.4)—(3.7) we no-
tice that the natural equation (3.4) is simply “postulated” within the (homo-
geneous) defect (). The limit interface conditions (3.7) at the boundary of the
defect are also postulated: they have the meaning of the continuity of the fields
and the flows “to main order” and the proof of the Theorem 4.2 ensures that
those produce a “controllably small” boundary layer, eventually ensuring the
main result (4.1) of the paper.

Finally, assuming (uo, v) solves the limit problem (3.4)—-(3.7) implies by the
above construction the solvability of the boundary value problem (A.9)-(A.10)
for u(?), up to an arbitrary constant. By a straightforward manipulation, split-
ting the right hand sides of (A.9)—-(A.10) and using (A.7), (A.11) and (3.15) we

arrive at a representation for 1% as follows:

u® (x,y) = M (y)uo i (x) + W(y)uo (x) + L (y)ug ju(x), (A.12)
where M;;(y), Lj;(y) and W(y) are solutions of the following problems:
alﬂM]'k = —ale,k, in Qq, ﬂlanM]'k = —Elli’lkN]', on dQg (A.13)
a1 ALy = —ar (N — Q]! /Q Njgdy),in Q1, @1duLy = 0,0n9Qp. (A.14)
1
s AW = b(Ag),in Q1, 319, W = agd,V, on 3Qy. (A.15)

Here b(Ag) = |Q1| " TAo({V) + |Qq]), (V) := fQO V(y)dy and usual peri-
odicity conditions are assumed. Notice that the solvability of (A.13), (A.14)
obviously holds. Solvability of the (A.15) follows from (A.8). Finally clarify
the connection between b(A) and B(A) given by (3.17). Using the spectral de-
composition, it is easy to see that

b(A) = [Q1]'B(A) — A (A.16)

[We remark that the split in (A.12) of the terms containing g jx into two groups
is motivated by the need for subsequent rigorous justification: while we do
need explicitly accounting for the term containing M, the term containing L
is not required, see Appendix B below.]
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B Proof of Theorem 4.2

We give in this appendix a full proof of the main technical Theorem 4.2, whose
central error bound (4.7) establishes the closeness of the “exact” solution ¢ of
(4.6) to the “approximate” solution Uu® constructed via (4.4) in terms of the
solution u? := (ug(x),v(x,y)) of the limit problem (3.4)—(3.7).

The proof of the Theorem 4.2 will be divided into a number of stages. The
plan is roughly as follows. The “closeness” of U.u” and i is established em-
ploying the associated quadratic form b, see (B.3) below, where Ul is re-
placed by its modification Uj(x) incorporating some higher-order terms in the
asymptotic expansion (3.1), see (B.1). Namely, we show that it is sufficient
for our purposes to establish the closeness in the sense of (B.6), see Lemma
B.1. A technical proof of Lemma B.1 itself then follows by first splitting the
quadratic form in the left hand side of (B.6) into those corresponding to U;(x)
and 7, and then splitting the former one further into a number of “compo-
nents” (corresponding to the various domains of the integration) examining
those separately, see Propositions B.2-B.5. For each “component” the main-
order parts are explicitly evaluated and the “errors” are bounded. Eventually
everything is assembled together and the main-order terms cancel each other
as expected, whereas the errors are shown to be “at worst” of order el/2, (The
latter '/2-errors correspond in a sense to the effect of the boundary-layer near
the defect’s border, and those of order ¢ or higher to the truncation of the as-
ymptotic ansatz away from it.) An essential specific technical ingredient used
in the course of implementing the above strategy is the employment of the so-
called “extension lemma” in Proposition B.4. The extension lemma has been
successfully used for homogenization problems in “perforated” domains be-
fore, see e.g. [21] and further references therein, and is reviewed by us below
too, see (B.30) and preceeding discussion.

To proceed, notice first that the above defined approximation U, lies in an
appropriate functional space. Observe to this end that g is infinitely smooth
in (), and R™\(); as a solution of elliptic equations with constant coefficients
(3.14) and (3.15) respectively. Next ug decays exponentially at infinity, as a de-
caying solution of equation with constant coefficients (3.15) outside (), since
B(Ao) < 0 and hence the fundamental solution of (3.15) in the whole R" is
exponentially decaying. Further, since, by (A.7), v(x,x/¢) = up(x)V(x/¢),
where V (y) specified by (A.8) is an H! periodic function and its restrictions to
Qo and Q) are infinitely smooth, we conclude that v(x, x/¢) is an exponentially
decaying function belonging to H!(R"\(),).

We further aim at establishing error bounds in the energy norms, i.e. with
the quadratic forms (B.3) associated with the equation (4.6). We slightly alter
for this the approximation U.u" by adding to it some higher-order “correctors”
in the asymptotic expansion (3.1), introducing the following corrected approx-
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imation:

u(x) = uo(x), x € (Y,
Uj(x) = { et (x) +-eNj(x/e)ug i (x), xeQ U, (B.1)
Ueu®(x) + eNj(x/€)ug j(x) + ¢ 20 (x,x/e), x € QF.

Here eN;(x/e)ug(x) is the first order corrector constructed everywhere out-

side the defect, see (A.4)-(A.5), and 7(?) is a part of the second-order corrector
u® constructed in ), see (A.12), namely

i® (x,y) = My () o i (x) + W (y)uo (). (B.2)

Consider now for any € > 0 the quadratic form b, generated by operator
As + 1:

be(w, u) : Z/sa] )Ww - Vudx+/ do(e)Vw - Vudx+/ wudx, (B.3)

(for brevity of notation, Q5 := (), a]'(e) := aj,j = 1,2). In particular, for the
actual solution 7€ of (4.6),

be (i1, w) = (f, w)grn, Yw € H(R"), (B.4)

where
(ff, w)Rrn ::/ ffwdx,
]RTL

and

fe — ()\O + 1)u€u0 _ { (AO + 1)”0(x) (1 + V(x/€)>' X € QB (B_5)
(Ao + 1Dup(x), x & Q,

via (4.6), (4.4) and (A.7).

The domain of the form (B.5) is H' (R"), however we extend it to all “piece-
wise HY” functions w, i.e. such that w € Hl(Q;:),j =1,2,3, w € HY(Q)), for
which b (w, w), as directly defined by the right hand side of (B.3), is bounded.
In particular, UJ is in the “extended” domain.

The proof of Theorem 4.2 will be based on the following technical lemma.
We first state the lemma, then prove the theorem assuming it is valid, and then
prove the lemma itself (which will fall in turn into several technical stages).

Lemma B.1. There exists an e-independent C > 0 such that for any sufficiently small
e > 0and for any w € H'(R")

|be (w, U — )| < Cel/?by(w,w)'/2. (B.6)
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Proof of Theorem 4.2:
Assume Lemma B.1 as valid. Select for any ¢ > 0 as w = w®(x) := U5(x) —
ii*(x), where U5 is another “corrected” approximation constructed as follows:

€0 — Ueu® (x) = up(x), x e,
Us(x) = { U0 (x) + exe(x)Nj(x/e)ug;(x), x € QUOHU O, (B.7)
where
xe(x) == x(dist(x,905)e 1) (B.8)

and x(t) is a cut-off function: y € C®(R); x(f) =0,f < 1/2and x(t) = 1,t >
1. Notice that both U5 and #° are in H!(IR"). Hence by Lemma B.1,

|be (U5 — a°, US — )| < Ce'/?be (U5 — i, U5 — a°)/?, (B.9)
with C denoting henceforth constants C independent of ¢ whose precise value
is insignificant.

On the other hand, by the positivity of the “extended” quadratic form, ob-
viously,

be (U5 — °, U5 — i1°) < 2|be (U5 — %, Uf — a°)| + be(U] — U5, U7 — U3). (B.10)
Notice next that from (B.1) and (B.7)

0, x € (), y
Ui (x) — Uz (x) = { (1 — xe(x))eN;(x/e)ug ;(x), xe Q5UCE,
(1 — xe(x))eNj(x/e)ug j(x) + e21? (x,x/€), x € Q.
(B.11)

Then, due to the small size (of order ¢ near dQ),) of the support of 1 — x(dist(x, 90 )e 1),
and the regularity N;(y), uo(x) and i (x,y) (see (B.2), (A.13), (A.15)), we con-
clude that

be(US — Us, US — U5) < Ce. (B.12)

Combining (B.10) with (B.9) and (B.12) obviously implies:
be(US — i, U5 — °) < Ce 4 2Ce!/?b (U5 — f, U§ — )12 <
Dbe(U5 — 75, U§ — ) + (2C? + 1)
which implies
IU5 — |72 oy < be(U3 — 1%, U5 — i1°) < Ce. (B.13)

Notice finally that from (B.7), the boundedness of N; and x. as well as bound-
edness and exponential decay of 1 ; we conclude

[Uet® — U5l 2y < Ce.
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This together with (B.13) implies via the triangle inequality that
||Ugu0 — ﬁeHLZ(]R") S C€1/2,

with appropriate constant C which establishes (4.7) and hence proves the theorem.[]

Proof of Lemma B.1:
First, using (B.4) the entity in the left hand side of (B.1) can be evaluated as
follows:

be(w, U — i1°) = be(w, US) — (w, f)re = L1 () + L(e), (B.14)

where

2
I(€) = be(w, UE) = 2/ a]-(e)Vw-vude/Q ﬁo(s)Vw-Vufder/ wlidx,
. € R”
0

(B.15)
and, via (B.5),

L(e) == —(w, f)rRr = —(Ao+1) (/ wug (1 + V)dx-i—/~ wuodx+/ wuodx+/ wuodx) .
0 o7} 0, 0

(B.16)
It is further convenient to break I (¢) into four separate terms for the four
integration domains:

2
Ii(e) = Ao(e) + ) Aj(e), (B.17)
j=0
where
Ao(e) = / Go(e)Vw - VUEdx + / wlEdx (B.18)
0 0
and
Ap(e) := / e2ayVw -Vdex—i—/ wlidx, (B.19)
0 0
Aile) = / 8V - VUsdx + / wlidy, j=1,2.  (B20)
(0} Of
] ]

We will be separately estimating Ag(¢), Aj(e), j = 0,1,2 and then () in
the series of the following propositions, and will subsequently derive (B.6) by
combining all these estimates.
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Proposition B.2.
| Ao(e)| < Ce'2be(w, )2 (B.21)

Proof. Notice that the measure of Q)f is bounded by Ce. As a result, using
Holder’s inequality,

1/2 1/2
/~ do(e)Vw - VUidx| < (/ do(e)Vw - dex) (/ do(¢) |VU§|2dx) <
0 o O
Ce'/2be(w, w)'/?,
where we have used (2.5) and the boundedness of VUj in 08 via (B.1). The
second term in (B.18) is bounded similarly which leads to (B.21). O

Proposition B.3.

Ap(e) = /Qs wfsdx—/ms weagn;Vi(x/e)ugdS+ Ag(e), |Ao(e)| < Cebe(w,w)'?.
0 0
(B.22)

Proof. First we will need expressions for “flows” associated with U7 in (B.19),
i.e. let p§(x) := ape? VU (x), x € Of. Using (B.1), (4.4) and (A.7),

(p§(x)); = aeVi(x/e)ug(x) + ape?(r§(x, x/€));, x € O, (B.23)
where
(ro(x,y))i = uo,i(x)(1 + V(y)) + Nji(y)uo,j(x) + eN;(y)uoi(x) , y = %82-4)

(Henceforth p; denotes the i-th component of the appropriate vector field p(x).)
Then, upon “partial” integration by parts, Ap(e) can be evaluated as fol-
lows:

Ap(e) = —ag /Q w(quV-i—sV,iuoli) dx+ao/ eVw - rodx (B.25)
0 05

+ / w(uo(l +V)+ sN]'uo,]') dx — weagn;Vi(x/e)updS =
0§ 90

/ wug (—agAV +1+4+V)dx — / weaon;Vi(x/e)uodS
08 90
+ / ew (—aOVIin,,- + Njuolj) dx + ag / eVw - rodx.
0 0
Using (A.8) and (B.5) we observe that

/ wug(—agAV +1+ V)dx = / wug(Ag+1)(1+ V)dx = / wfédx.
0% D% 0%
(B.26)
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Moreover, the last two terms in the right hand side of (B.25) are small:

/ ew (—aoV,iuo,i + Njuo,]') dx
O

/ e2Vw - ridx
QE

0

< Celwll,mn < Cebe(w,w)?,  (B.27)

< Cebe(w, w)l/z, (B.28)

(having used boundedness of Nj, ug, V and exponential decay of ug). As a
result we arrive at (B.22). O

Consider next the integrals over ()] in (B.20):
Ai(e) = / 0 Vw - VUdx + / Wl dx. (B.29)
o M

Before formulating the corresponding result for A;(e) we need to use follow-

ing technical construction. One can extend any function w from H' (R" \ (Qf U Q)
(let us remind that Q8 is the set of all the inclusions in Qf which intersect
with the boundary 9Q), of ), see Section 2) into the whole H! (R"), control-

ling its norm “uniformly” with respect to e. More precisely, for any € and any

w e H' (R"\ (Q5UQ5)) there exists a function @ € H'(R") such that

@(x) = w(x), x € R"\ (QhU Q) and [[@|[p1(rey < Cllwoll g1 re (gu0t))/
(B.30)
where C does not depend on ¢ and w. The above follows e.g. via a straight-
forward modification of the so called “extension lemma”, see e.g. [21] §3.1

Lemma 3.2 which uses the extension construction, see for the latter e.g. [35]
§6.3.1, p.181, Theorem 5.

Proposition B.4.

Aq(e) = (7\0+1)|Q1|/ z@uodx+/ zi;niAﬁomuo]'dSJr/ weagn;V,;dS + A (e),
R\, o / ' Clon) '

(B.31)
where
A ()| < Ce/?be(w, )2 (B.32)

Proof. Let uf be characteristic function of ()j. We can rewrite the first integral
in (B.29) via (B.1) and (B.2) as follows

/ a1Vw-VU§dx:/ V- pidx, (B.33)
o] R\,
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where

(Pi(x))i == p'm (”O,i(x) + Nji(y)uoj(x) + eNj(y)uo,ji(x)+ (B.34)

M ()1t (%) + sw,i<y>uo<x>) P (x), x € R™\Qpy = x/,

and
K (x) = (D (M,-k<x/e>uo,,-ki<x> T w<x/e>uo,i<x>). (B.35)

The above flow (pj(x)); can be re-written in the following form

(P5(x))i = Af™ugj + g{(x/e)uo,j + pa <€Nj(x/€)uo,ji(x)+ (B.36)

eM s (1) )+ W, ()i (x) ) + 2 (), x € R\Om g = /e,
Here _
8i(y) = u(y)ar (3 + Nji(y)) — AF™ y € Q, (B.37)
p is the characteristic function of Qq, and Ag-om are the entries of the homoge-

nized matrix A"™, see (A.11), and Nj(y) are here assumed extended by zero

on Qp. It follows then from (A.5) that vector field g{ (with fixed j)is divergence
free in Q in the following (weak) sense:

/Q gl =0, vy € H(D), (B.38)

(HP(OJ) stands for the closure in H?(Q) of all periodic C* functions and 9; :=
d/9y;). Since (B.37) and (A.11) also imply that g{ have zero mean value, they
can be rewritten as “gradients” of a skew-symmetric fields G;(y) € H'(0):

gl(y) = %Gl (y), Gl(y) = —GL(y) (B.39)
see e.g. [21] §1.1.

Consequently (B.36) can be rewritten as

a .
(PG00 = A5 ) + 5 ( G/ () )+ pan (e o/ )+
(B.40)
eMipi(x/e)ug jr(x) + eW,i(x/e)uo(x)) +7#(x) ,x € R"\p, x € R"\()y,
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where

P (5) = =Gy o/ (x) + (o) M/ () + W (1))
| (B.41)
Function aixk(GfkuO,j) from (B.40) is not divergence free in R"\();. We in-

troduce its “divergence free modification” a%{()(sG{kuo,j) which differs from

aixk (G{kMO,j) insignificantly by employing again the cut-off function x.(x), see
(B.8). As a result,

a .
(P50 = A5 ™00 + 5 (16l (/0D () ) + o (/e )+
(B.42)
eMipi(x/€)ugji (x) + eW,i(x/e)uo(x)) + 7 (x) ,x € R"\ (),

- d ' ~
F) = e (= Xl Gl e/ (3)) G/ e (x) +
€210 (x) (Mjk(x/s)uoljki (x) + W(x/e)ug; (x)) : (B.43)
Integrating by parts in (B.33) and using (B.42) we obtain

Vo VUide= [ - Va-pide=— [ @AM uude (B4
/Qi aVw 1dx W - pidx IR"\Q2w i uojdx  (B.44)

Jo

- /m zbniAﬁ}omuo,deJr/mg wen;ay (Nj(y)uo,ji(x) + Mk, (y ) o jic(x) +W,i(y)uo(x))d5
2 0

+R]+R5+ S, y=x/¢

way (Nj,i (y)uo,ji (x) + My ii (y) o, jx (x) + Wi (y)uo (x))) dx

with the “remainders”
R = / Vo - Fdx, (B.45)
R™\ Q)

Rj = — o vem (Nj(y)uo,jii(x) + M (y) o jri (x) + W,i(y)uo,i(x))) dx,
' (B.46)
= —— (N,- ()10 (x) + Mo ()1 (x) & W <y>uo<x>) i, y=x/e
(B.47)
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We argue that all the three remainders are “small”.
We start with most delicate remainder, S{. First of all we divide this integral
into two parts:
S¢ = Si(e) + S3(e), (B.48)

where

Sl(e) := e/ wzds, S3(g) 1= s/ wzds, B.49
1(e) 90 NAQYE 1(e) 205\ (905U90), ) (B49)

z 1= N (Nj(y)uo,ji(x) + Mk, (y)uo,ji(x) + W,i(y)uo(x)), y=x/¢,

i.e. in the first integral we integrate over a part of d(); and in the second one

over the remaining part of boundary of small inclusions QB intersecting with
0();. Then

Sl(e <C£/ wlds
stel<cef o

1/2
< Cs/ lw|ds < Ce|oQ,|'/? </ |w|2ds> < Cebe(w,w)?,
o0, oy

where we have used boundedness of z and then the continuity of the trace
operator from H'((),) into L, (9Q)).
The second integral S?(¢) can be evaluated as follows:

1/2
S2(¢)| < Ce wlds < Ce | |w|lds < Ce ) w|?ds ,
1
905\ (905U, ) 005 0Q5

where we recall that Qg is the set of small inclusions from Qf which inter-
sect with d()y, see beginning of §2, and notice that the measure of their total
boundary is uniformly bounded with respect to e. Using then rescaling for the
“small” (order ¢ size) inclusions from QS, then the trace estimates and finally
(B.30) we obtain

1/2 1/2
o) = ([ pofas) < ce Rl
</an 205 HI()

< Ce_l/z||w||H1(JRn\(quQ5)) < Ce !V 2be(w, w)'/2. (B.50)

Consequently
155 < e/ 2be(w,w)/2.
Let us next consider Rj. The only term of “order one” in R{ is sa—ik ((1 - )(e)G{kuO,j)> ,
see (B.45) and (B.43). However the size of the support of (1 — x°) is of order ¢,
pp
and consequently
IRE| < et 2be(w, w)/2. (B.51)
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(Having noticed that the remaining, “order ¢”, terms in R{ contribute only or-
der e terms into the right hand side of (B.51), upon straightforward application
of Holder’s inequality.)

Finally, notice that all the terms of R’ are of order ¢ with exponentially
decaying 1o, which implies |R§| < eb,(w, w)'/2.

Summarising, we obtain following estimate on the combined smallness of
the three remainders:

IRE + RS + S¢| < Cel/2b(w, w)'/2. (B.52)

Next consider the terms of “order zero” in (B.44). It follows from (A.13)
and (A.15) that the integrals over ()] and d(); in the right hand side of (B.44)
can be evaluated in the following way:

_ /QE waq (N]',i(x/e)uolﬁ(x) + Miji i (x/ €)ug ji (x) + W,ii(x/e)uo(x))dx =

1

—/ wb(Ag)up(x)dx,
o
and
[ ey (N 3) 4 Mgy o)+ W a0 ) s = [ e,

' " (B53)

As a result we can evaluate A1 (¢) (see (B.29)) as follows
_ ~ Ah
Aie) = — /]Rn\Qz WA ug ijdx — (b(Ag) — 1) /Qi wugdx+ (B.54)

+/ zbn,-Ag.omuO,de +/ Weagn;V,;dS + Ay (e),
90, 20,
where
Al (g) = R‘Ci + Rs + Si + /QE w <£Nju0,]' + 82 (M]'kuol]'k + Wuo))dx,
1

and consequently
|A1(e)| < CeM?be(w,w)2. (B.55)

Let us consider the integral over ()] in (B.54):
/ wigdx = / Hfwugdx, (B.56)
Q‘i: R™\ )y
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treating p°(x) = p(x/e) as the characteristic function of R\ Qj. It is easy to
see that the associated Q-periodic characteristic function y(y) can be presented
as follows:

wy) = [Qi[+ AyM(y),y € Q, (B.57)
where M € H?([J). Then (B.56) can be evaluated in the following way:

/]R"\Qz P‘swuodx = /]RH\QZ ‘uSZ(A)uodx = /]RH\QZ(|Q1| + EZAxM(x/s))u?uodx _
(B.58)

0
wu dx—/ 2V M(x/¢) - Vi (ug)dx + e2nj— M(x/€)DugdS.
/Rn\02|Q1| 0 R, & (x/¢€) - Vx(dug) 20, Mo (x/€)ug
Following the pattern of the previous estimates (i.e. again using the bounded-
ness and the trace properties, cf. (B.50)), the last two terms can be estimated as
follows:

d
/602 ezn,-a—xiM(x/e)zﬁuodS ~ Jrmo, 2V M(x/e) - Vx(wuo)dx‘ < Cebe(w, w)2.
(B.59)

As a result we have

Aq(e) = —/]RH\Q DAL ugijdx — (b(Ao) —1)|Qu /]RH\Q updx+  (B.60)
2 2

+ z@n,-Ag.omuO,de + / weaogn;V;dS + Aq(e),
20, 90
with A (e) satisfying (B.32). Finally, using equation (3.15) for 1y and (A.16) we
obtain (B.31). O
Consider now the integrals A, (e) over (), see (B.16):

Proposition B.5.

Ay (e) :/ wfedx—/ Wn;amug,;dS + Ay (e), (B.61)
0, 20,
where R
|Ax(e)| < Ce'2be(w, )2, (B.62)
Proof.
Ay (e) :/ aZVw-Vdex—k/ wlijdx = (B.63)
0y (0))

/ @vw'vuwx+/’wuwx+Axg,
02 QZ
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where

Ay(e) = /Q mV(w—) - VUidx + [ (w0 - @)Ujdx.
2 2

Integrating by parts, we obtain (with the consistent choice of the normal 7 to
0(); being inward for ()
Ay(e) = — / Way Augdx + / Wuodx — / WnagugdS + Ay(e) = (B.64)
Qz 02 802

(Ao-l—l)/ wuodx—/ DnagugdS + Ay (¢) =/ z?)fsdx—/ WnagugdS + Az (e),
(7} a0y [} 90),

having used (3.14) and (B.5). The above expression can be rewritten as

As(e) = /Q wfsdx — /BQ Zf)nib‘lzuolids —I—Az(ﬁ')/
2 2

where

Ay (e ::/ _mV(w—o) - VUjdx + _(w—w)Uijdx + (D —w)fedx.
(€= [ 2V @) VUit [ (- duiaxt [ @)

Arguing further as in Proposition B.2, we obtain (B.62). O

We can now complete the proof of the Lemma B.1 with the aid of the estab-
lished Propositions B.2-B.5 as follows.

Combine (B.61) with (B.21), (B.22), (B.31) which are all substituted into
(B.17), and then employ (3.7). As a result, I;(¢), see(B.15), is evaluated as fol-
lows:

(e) = be(aw, ) = |

€dx + (Ag + 1 / wupdx + I (¢),
QZUngf (Ao +1)|Q1] . 1(e)

(B.65)
where
1T ()| < Ce'2be(w, w)'/2. (B.66)

Let us now consider I,(¢), see (B.16). Noticing that the last term in the right
hand side of (B.16) is a constant times (B.56), we can employ again (B.58)-(B.59)
which results in:

/ wipdx = | Q1 / duodx + R, (B.67)
o} ROy

where
|RE| < Cebe(w, w)'/2. (B.68)
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Notice next that the integral over ()8 in (B.16) is small due to the fact that the
measure of () is small:

_ wupdx

< Ce" b (w, w)2. (B.69)
M

As a result of employing (B.67)—(B.69) in (B.16) it can be rewritten in the
following form:

12(8) = —()to—l—l) (/ wuo(l—i—V)dx—i—/ wuodx+|Q1| / Z(A)M()dX) +R€,
(9 (07} R™\

(B.70)
where
IRE| < Ce' b (w, w)/2. (B.71)

Adding finally (B.70) and (B.65) and using (B.5), we conclude that (B.14) can
be bounded as follows:

|be(w, U5 — a€)| < Ce'/2be(w, w)/?, (B.72)

which is identical to (B.6) and hence proves Lemma B.1. [
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