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Abstract

The limit behaviour of a linear one-dimensional thermoelastic system with local mass
perturbations is studied. The mass density is supposed to be nearly homogeneous everywhere
except in an e-vicinity of a given point, where it is of order e, with m € R. The resonance
vibrations of the string are investigated as € — 0. An important ingredient of the analysis is
the construction of an operator in a space of higher regularity such that its spectrum coincides
with that of the classical operator in linearised thermoelasticity, with a correspondence of
generalised eigenspaces. The convergence of eigenvalues and eigenprojectors is established
along with error bounds for two classes of relatively light mass perturbations, m < 1 and
m = 1, which exhibit contrasting limit behaviour.

1 Problem statement

We consider resonance vibrations of a finite string modelled in the framework of linearised, one-
dimensional thermo-elasticity. The evolution of the displacement u = w(xz,t) and the relative
temperature 6 = 0(x,t) is governed by the system of differential equations [9, 8, 5]

055~ 52 (a2 + a8 = ) 0
k(m)% + B(x) fogt - a% (% (@22) — (1), (2)

where p. is the mass density of string, « is a stiffness coefficient, k is the specific heat, > denotes
the thermal conductivity coefficient, and 3 is a coupling coefficient; f and ¢ represent an external
force and heat source, respectively.

For a finite string, it is not restrictive to assume that the reference configuration is the interval
(a,b) with a < 0 < b. We are interested in local perturbations of the mass density,

pe(z) = {P(ﬂc) if z € (a,—€) U (g,b)

emq (%) ifz € (—¢¢)

3

represented by two parameters ¢ — 0 and m € R. The mass density functions p: [a,b] — R and
q: [-1,1] — R are bounded and strictly positive. We assume that p is continuous on [a,0) and
(0,b], while ¢ is continuous on [—1,1]. We also suppose that all other parameters are strictly
positive in © and smooth enough, namely «, 3, € C'(a,b), and k € C%(a,b). In this note, we
analyse the asymptotic behaviour as ¢ — 0 of the eigenvalues A. and eigenvectors (uc,6.) of the
eigenvalue problem associated with (1) and (2) on Q. := (a, —¢) U (—¢,&) U (&, b),

— (a(@)ul)’ + (B(z)8) = =AZpe(w)ue, (3)
— (3¢ (2)0L) — AB(x)ul =  Nk(z)f., (4)
complemented with the Dirichlet boundary conditions at the outer ends

tue(a) =u(b) =0 and 6.(a) =6-(b) =0, (5)



and the interfacial conditions

[uly. =[ul].. =0 and [0.],. =[6.].. =0. (6)

The prime ' denotes the derivative with respect to the spatial variable. We use notation [y], :=
y(z 4+ 0) — y(z — 0) for the jump of a function y at point z. The smoothness assumptions imply
that u. and 0., given as solutions of the ordinary differential equations (3) and (4), belong to
C'(a,b), and that their restrictions to the intervals (a, —¢), (—¢,¢) and (g, b) are twice continuously
differentiable.

For 8 =0, (3)—(6) splits into two independent problems, with the perturbation being present
only in the elastic part. The corresponding study of the asymptotic behaviour for eigenvalues
and eigenfunctions in the isothermal elastic problem is presented in [4]. We refer to [9, 10] for
the first systematic study of problems with concentrated masses (see also [7, 3]). We remark
that a thermoelastic setting has been investigated before [9, 8]; there, perturbations of thermal
characteristics are investigated, while the present analysis focuses on local perturbation of elastic
coeflicients and their influence on the thermal behaviour of the system.

Methodologically, the thermoelastic problem is different from the isothermal one. One of the
differences is the non-selfadjointness of the corresponding operator, which renders the justification
methods used for the isothermal problem [4] inapplicable. Even the existence of eigenvalues and
eigenfunctions requires special analysis [12]. Another main difference is that the operator of
classical thermo-elasticity acts in a space of low regularity, which would not allow the application
of methods developed for localised perturbations in [4]. In this article, we construct the operator
framework for thermoelastic problems in a space of higher regularity, namely [H}]?. The equality
of the spectra and a correspondence of the eigenfunctions is established, which is a self-contained
problem in its own right. Then the limit behaviour for the spectral properties and the rates of
convergence are estimated for two classes of relatively light mass density perturbations, namely
m < 1 and m = 1. It emerges that these two cases already exhibit different limit behaviour.

2 Operator frameworks

We note that (3)—(6) is an eigenvalue problem for a quadratic operator pencil. Introducing the

independent variables u] = u., u5 = —A.u., u§ = 6. we linearise problem (3)—(6),
—uj = Auj, (7
— (0 (w)) + (Bu5)' = Aepeuss ®)
— (e (ug)) + B(us) = Ackuy for =z €, (9)
w(@) =) =0 and [[u]],, = [(5)]], =0 forj=123 (10)

We use a standard notation for Lebesgue and Sobolev spaces: Lf,(Q) is a p-weighted L?-space of
square integrable functions in 2, H™(f2) is the space of functions whose distributional derivatives
up to the order n inclusive are in L?((2), while H{(£2) consists of the functions in H'(2) with a
zero trace on the boundary 99; the inner product in H{ () is (w,v) () = (', 0") p2(q). We
introduce the Hilbert spaces

L. :=Hj(a,b) x L? (a,b) x Li(a,b) and M := Hg(a,b) x Hy(a,b) x Hj(a,b),
equipped with inner products for U = (u1, us, U3)T and V = (v, va, v3)T (the bar denotes complex
conjugation),

b
(U, V), = / [a(z)u) 0] + pe(x)usts + k(x)uzvs] da



and

b
(U, V)y := / a(z) [ulv] + uhyvh + uhvs] da.
We introduce an operator A.: L. — L. with the domain ® (A.) = D, x Hi(a,b) x D,, where
D. := H*(a,b) N Hy(a,b) = {y € H*(a,b) | y(a) = y(b) = 0},

and with an action given by A.V := A, (m, %) V(x), where

0 -1 0
Ac(x,D)=| —p-'DaD 0 p= DB : (11)
0 k18D —k'DxD
Then (7)—(10) becomes
AU. = \.U.. (12)

The operator A, is classical for the problems in linearised thermoelasticity [9, 8]. Nevertheless,
since U, € H and H is more regular than L., for our purposes it is more convenient to consider (7)—
(10) in H. The higher regularity is necessary for the justification of the convergence and the
estimation of error bounds as ¢ — 0. Thus, we further construct an operator framework for (7)—
(10) in H.

A variational formulation of (12) is
(AEUE7 (I))gs = )\e (Uav q))gg for every (NS LE) (13)

which in the component-wise representation for U, = (u§, u5, u§) and ® = (¢1, @2, ¢3) reads
[ o oy ptar = [ o) @) G (14
b !/
L/MWW%%+W>WWAM—A/m Jusp2 d, (15)
b
[ et ) 4 50 5 ] @2 = [ Wi (16)

Note that the left-hand side of (14)—(16) is independent of . We introduce a sesquilinear form 7
on H,
b
7(U,®) := / [—oub@l + el Py + (Bus)' @2 + Bus@s + > usydy] da, (17)

which represents the sum of left-hand sides in (14)—(16). Since 7(-,-) is obviously continuous
on H, there exists by the Lax-Milgram theorem [11] a bounded operator B: H — H such that
(BU, @) = 7(U, ®@) for every & € H. Thus the eigenvalue problem (14)—(16) can be written in
the form

(BU:, @)y, = Ac (U, @) for every ® € H. (18)

Likewise, since the sesquilinear form (-,-).. is continuous on H, there exists, again by the Lax-
Milgram theorem, a bounded operator Q.: H — H such that

(QU, @)y = (U, @), for every ® € H. (19)
Hence, (18) yields that the eigenvalue problem can be represented as
BU. = A\.Q.U. in H. (20)

The following sections analyse the equivalence of (20) and (12).



3 Existence of inverse operators

Lemma 1. The inverse B~ exists and is a bounded operator in H.

Proof. We need to prove that for every F € H, there exists a unique solution U € H to the
problem BU = F. The weak formulation of this problem is to find, for arbitrary F € H, U € H
such that

T(U, @) = (F, ®)y for every ® € H. (21)

A consecutive substitution of the test functions ® = (¢4, 0, O)T, ® = (0, ¢o, O)T and ¢ = (0,0, ¢3)T
into (21) yields

b b
7/ a(a:)ué@’ld:r:/ a(z)fi@)dx  for every 1 € Hi(a,b), (22)

b ’ b
| la@uigs + (@) ¢a] do= [ a@)fiphds forevey ga Hiab), (@3

T b
/[%(m)uécﬁé—i—ﬂ(m)ué@g] dx:/ a(z)fipyde  for every 3 € Hy(a,b). (24)

Then (22) implies uy = —f1 € Hj(a,b). Obviously,
HUZHHg(a,b) = ||f1HH3(a,b) < 1F g - (25)

Hence, (24) becomes

b b
/ x (z)uypsy doe = / [B(x)fi@s + a(x) f4p5] de  for every ¢z € Hj(a,b). (26)

Since for each fixed pair (f1, f3) the right-hand side of (26) is a semilinear bounded functional on
H}(a,b), the Lax-Milgram theorem provides the existence of a unique uz € H}(a,b) for any such
pair. Moreover, by substituting ¢3 = us we immediately find

2
s g oty < C | (BF08) 2y | + |(@ 5 08) 12| € C NPl Nuslligyay s (27)

with a positive constant C' independent on F. We follow the convention of writing C' for a generic
constant whose value may change from line to line. Estimate (27) implies

lusll 3 apy < CNIE N, - (28)
Proceeding in a similar fashion for u; in (23), we find after a straightforward calculation

ety iy < C 1F - (20)

Thus, for arbitrary F' = (f1, fa, f3)T, there is a unique each U = (Ul,UQ,’LL3)T such that BU = F.
Moreover, the estimates (25), (28) and (29) imply that ||U||,, < C'||F|,,. Therefore, the operator
B~! exists and it is bounded. O

We note that, as a result of Lemma 1, the eigenvalue problem (20) can be formulated equiva-
lently as
U =AM U in H (30)

with the operator M, := B~1Q.. It holds that A\, # 0, since A, = 0 immediately implies
U. = 0 in contradiction to the definition of an eigenvector. Thus, A ! exists, and (30) allows the
representation M_U. = A\-1U. in H.

Lemma 2. The inverse operator AZ': Lo — L. exists and is compact.



Proof. The existence of AZ! is equivalent to the existence of a solution U, to the problem A.U. = F
for any F' € L., which reads component-wise as

—us=f1 in u§ € Hi(a,b), (31)

— () + (Bu) = pefe i 0 ui € 9., (32)

— (e (w5)) + B (u) =kfs i Qe u§ € D.. (33)

The argument is similar to that proposed for the proof of Lemma 1. We first find u§ = —f; €

H{(a,b) from (31) such that
”’U’;HH(}(a,b) = Hf1||H(}(a,b) < HFHL‘E

Next, from (33) we find u§ € H?(a,b) N Hj(a,b) such that (s (u§)/)/ =B (us) — kfs € L*(a,b),
which yields

03030y = € (15 gy + Il ) < C P (34)
Finally, we find from (32) u§ € H?(a,b) N H}(a,b) such that (a (ui)/)/ = (Bus)’ — pefo € L?(a,b),

which yields ”uiHHé(mb) < C||F||;, and, moreover,

”uiHH?(a,b) =C (HuiHHé(a,b) + ||U§HH5(a,b) + ||f2||LgE(a,b)> <C ”F”LE : (35)

Thus, the solution U, = (u$, u5,u5)” of (31)~(33) can be represented as a bounded operator
Al L. — Hy, where Hy = H%(a,b) x Hl(a,b) x H}(a,b). Then the operator AZ': L. — L.
exists and can be represented as A-! = J*Agl, where J,: Hy — L. is a compact embedding
operator

Jo =

ooy
oS o
Soo

with compact embeddings components J: H?(a,b) — H'(a,b), J1: H}(a,b) — L*(a,b). There-
fore, AZ! is compact as a product of a bounded and a compact operator. O

The compactness of A ! yields the following result (see [6, Theorem I11.6.29]).

Corollary 1. The spectrum o (Ae) of Ae is no more then a countable set of isolated eigenvalues
with finite multiplicity. There is no accumulation point of the spectrum other than infinity. The
eigenprojector Pe to the generalised eigenspace corresponding to each \e € o (A.) is identical with
the eigenprojector corresponding to the eigenvalue \Z1 of AZ1. Moreover, if Ae € o (A.), then

Ae € 0 (A) has the same multiplicity (the star * denotes the adjoint operator).

4 Equivalence of eigenvalue problems

The aim of this Section is to establish the equivalence between the spectral properties of the
operators M, := B~'Q, and A, in the sense of Lemma 6. Since the operators are defined on two
different Hilbert spaces, we first formulate auxiliary statements in Lemmas 3-5.

Let the operators Pj: H — H{(a,b) be given by P;U = u; for U = (Ul,'UQ,U3)T ,7=1,23.

Lemma 3. For cvery V € H, the images PLM.V and P3M_.V are functions in H?(a,b).

Proof. First, we show that the operator Q. defined by (19) admits the representation

I 0 0
o.-[o Jgo: o |, (36)
0 0 JQq,



where I;: Hi(a,b) — Hg(a,b) is the identity operator, J: H?(a,b) — H'(a,b) is a compact
embedding operator and the operators Q5 and Q2 are as follows. The operator Q5: H}(a,b) —
H?(a,b) gives a solution w; = Q5u to the problem

- (awll)/ =peu in (av b)a leﬂig = [[wll]]ig =0, w1 (a) = w1 (b) =0. (37)
The operator Qq: Hi(a,b) — H?(a,b) gives a solution we = Qau to the problem
— (aw}) = ku in (a,b), wa(a) = wa(b) = 0. (38)

Since the weak formulations of (37) and (38) are that for any ¢1, p2 € H}(a,b),

b b b b
/ awy @) dr = / pewiprdz  and / awhpy dr = / kwaps dz,
a a a a

the operator given by the representation (36) coincides with (19). Clearly, Q5 and Q2 are bounded,
1Q5]] < Cs, |Q2]| < C, with positive constants C. and C. Therefore JQ$ and JQ2 are compact
for any fixed € > 0.

Second, we show that in any vector of the form U, = M.V = B~1Q.V the first and the
third components belong to H?(a,b). Note that U. € H solves (22)—(24) with F = Q.V =

(v1, JQ5v2, JQav3)™. Then (22) yields
uy = —vy € Hy(a,b). (39)

Since Qv and Qav3 belong to H?(a,b) and (24) implies

b b
/ subpydr = / [— (o (ngg)')/ + ﬁvi} @gsdx  for every ¢z € Hy(a,b), (40)
we obtain for the distributional derivatives

(seup) = (a (szg)/)/ + pub € L*(a,b). (41)

Since » € C'(a,b) is strictly positive, u3 = P3U. € H{(a,b) along with (41) provides uz €
H?(a,b). Then Identity (23) yields f; aujphdr = f; [— (o ( fvg)/)/ — (51@)’} o dx for every
¢ € H}(a,b). Thus

()" = ((Qfv2)) + (Bus)’ € L*(a,b). (42)
This in turn implies with u; = P,U. € H{(a,b) and the strict positivity of a € C(a,b) yields
uy € H?(a,b). O

Let R (M.) be the range of M., and let J,.: H — L. be an embedding operator

I 0 O
Jou=10 J1 0
0 0

with the identity operator I and J; as above.

Lemma 4. It holds that AZ'J.. = Ju.M.. Moreover, the following embedding of the functional
sets holds:
RM) CD(A)=R(A) CH=D(M.)C L. =D (A"). (43)

Proof. The embedding (43) is a corollary to Lemma 3 and the definitions of the involved operators.

Let us prove the operator equality. Note that the domains of operators are equal, © (A;lJ**) =
H = D (J..M.). We now prove that for every V € H, the functions U := AZ1J,.V
and U;ight := M_.V coincide up to the embedding operator J... We set F := J,.V. Then
Ut is a unique solution to problem (31)-(33). On the other hand, U8 is a unique solution



to (39), (41), (42) along with Dirichlet boundary conditions. The idea is to show that the prob-
lems coincide for the given data. Note that (31) and (39) are equivalent. The equivalence of (33)
and (41) with Dirichlet conditions follows from the definition of the operator @2 in (38). Similarly,
the equivalence of (32) and (42) is guaranteed by the definition of Q5 in (37). By the uniqueness
of the solution, U and U coincide. Of course, they are equal as elements of £. after an
application the embedding operator J,.. O

Lemma 5. R (M.) is dense in H.

Proof. We argue by contradiction. Let us suppose there is a non-zero Y € H such that (Y, @)y =0
for all ® € R (M,). For an arbitrary U € H, consider

_ _ (Rr-1 _ —1y* _ —1\*
0= (MUY )y = (BQUY), = (Q.U. (B™) Y)H - (v.(87) Y)LE.
Since the latter is zero for any U € H, which is dense in L., we obtain (B‘l)* Y = 0. Since both

B and B~! are bounded operators on H, the kernel of (B‘l)* is trivial. Therefore, (B‘l)* Y =0
implies Y = 0 in contradiction to our assumption. O

Lemma 5 allows us to introduce an operator G. = M2 !: H — H with dense domain ® (G.) =
R (M.). Note that according to (43), all eigenvectors U, of A, belong to £L.NH. In the next lemma,
in order to emphasise the different functional classes, we use different notations for an eigenvector
U, as element of L. and for its equivalent V. in H; the correspondence is then U, = J,,. V.. A pair
of an eigenvalue A. and a corresponding eigenfunction U. of a given operator is referred to as an
eigenmode of the operator.

Lemma 6. The following statements are equivalent, with U, = J,., Vz.

i) (Ae, V) is an eigenmode of G. = MZ1;
i) (A1
-1

(

(A

i11) (A 7U6) is an eigenmode of AZ1;
(

,VZ) is an eigenmode of M.;

i) (Ae,Uec) is an eigenmode of A..

Proof. The trivial equivalence iii) < iv) is already stated in Corollary 1. The statement i) < i)
is also immediate. We now prove ii = 4ii). Let u. = A-'. We apply Ji. to the both sides of
M_V. = p.Ve. Then, by Lemma 4, A-'J,. V. = peJoiVe. Obviously if Vo # 0 then J,. V. # 0.
We finally show iii = ii). Note that if U, is an eigenvector of AZ?,

'Ag_lUE = MEUEa (44)

then U, € R (.A;l). Moreover, (43) provides R (Agl) C H. Then U, € L. N'H can be presented
in the form U, = J,.V. with V. € ‘H. Again applying Lemma 4 to (44), we obtain J. M.V, =
Jaxpbe Ve. Since both . V. and M.V, belongs to H C L. and their traces in L. coincides, they are
equal also as elements of H, namely M.V, = u. V.. O

5 Spectral properties

The discreteness of the spectra of A. and G, is guaranteed by Corollary 1 and Lemma 6. In this
section, we discuss some additional properties of the spectra of the operator A, (and thus G.) for
fixed € > 0.

The completeness of generalised eigenfunctions for linear thermoelasticity has been proved
by Yakubov [12] in the three-dimensional case. The proof can be easily adapted for one space
dimension. In this case, a crucial ingredient, that is, a decay rate for approximation numbers,
holds in even stronger form [1].



Lemma 7. Fach eigenvalue A. has a positive real part, Re A >0 .
Proof. We find from (18) that for a nonzero eigenvector U, = (uf, u§, u§) corresponding to A,

A = (BUast)’H _ T(U€7U€) — T(UE’UE).
(Ueanf)ﬁE (UE,UE)EE HUEHZE

Since for any U € H, by the definition (17) of 7,

b
(U, U) = / [% uy|? + 20 Im (o it —|—ﬂu'2113)] dz,

we obtain \

— e/ 2
Re ). = ||UE||£€2/ P |(u3) | dz. (45)

Then obviously Re A > 0. Let us show that Re A # 0. Suppose to the contrary Re A\, = 0; we
then find from (45) that (u§)’ = 0 on (a,b). Therefore, from (10) we find u§ = 0 on (a,b). Since
B > 0, equation (9) yields (u5)" = 0 on (a,b); again (10) gives u§ = 0 on (a, b). Similarly, (8) along
with (9) yields u§ = 0 on (a,b), and thus U, = 0 in contradiction to the assumption. O

Lemma 8. IfU. is an eigenvector of Ac, then each component of vector U, is different from zero.

Proof. The proof of Lemma 7 shows that u§ # 0. The remaining arguments are similar. If u§ = 0,
then (7) would yield u§ = 0 and consequently (8) along with (10) implies u§ = 0, a contradiction.
Thus u§ # 0. If u§ = 0 then (7) immediately yields u§ = 0. Then (8) and (10) yield u§ = 0, again
a contradiction. O

Lemma 9. The adjoint operator admits the representation AX =T AT with

1 0 0
T=[0 -1 0] and DU)=D(A).
0 0 1

Proof. Since the form

b

(AU, V) = —/ aubvy dz + /ab [— (au}) + (ﬁug)/} vodx + /ab [— (seuy) + Bul| vsdz (46)

a

for all U € ©(A) can be represented as

b b b
(U, W)y :/ auw] dx—l—/ PeUWa dx—i—/ kusws dz

only with w; = ve, we = p% ((av}) = (Bus)'), ws = —1 ((3¢v})" + Bv}), for va(a) = va(b) = 0 and

vz(a) = v3(b) = 0, then by the definition of adjoint operator W = A*V, with

0 1 0
d
ALV = A <x, d> V  given by A% (z,D)= | p-'DaD 0 —pz1Dp
v 0 —k~'BD —k~'DxD
Note again that the matrix-differential expression A* (a:, %) can be applied only to the functions
from D, x Hi(a,b) x D.. Thus D (A¥) coincides with D (A.). The identity A* = T.A.7 is easy
to check. O

Remark 1. One can see that the operator A is not a normal operator for 3 > 0, i.e., A*A. #
AL AL Since we are not using this fact, the proof is not presented here.

Lemma 10. If \. € 0 (A.) then \. € 0 (A.) as well. Thus o (A.) = o (A?).



Proof. If \. € 0 (A.), then A\, € o (A?) and thus A*W = A\.W for some non-zero W € L.. Then,
by Lemma 9,

TATW = A W. (47)
Note that 72 is an identity operator. We apply 7 to (47) to get ATW = ATW. Since W # 0,
it follows that 7W # 0 is an eigenfunction of A, corresponding to A.. O

Corollary 2. Let U. be an eigenfunction corresponding to an eigenvalue A. of A. and let U} be

an eigenfunction corresponding to the same eigenvalue A\; = A. of A%. The following statements
hold.

(i) If \e € R then (U, UZ), = 0.

(i3) If Ao, U is an eigenmode of A* then Ao, TU is an eigenmode of A.,

(i1i) If Ae, Ue is an eigenmode of Ac then Ao, TU, is an eigenmode of A%.

() If A, U is an eigenmode of A; and A: ¢ R then (UE,TUE)EE =0.

(v) Any eigenfunction U, corresponding to an non-real eigenvalue satisfies the equality

b b b
/ o)) da:+/ ke |ug | dm:/ pe U5l da. (48)

Proof. Claim (i) is proved by noticing that for A. # A* the corresponding eigenspaces of A. and
A% are orthogonal. Claim (7) has been shown in the proof of Lemma 10. Thus U, = TUZ is an
eigenvector of A.. Since 7-! = 7 we obtain U* = TU.. Note that the kernel of 7 is trivial,
so U # 0. Thus (iii) is proved. Claim (iv) follows from applying (i) to (i77). Finally, (v) is a
component-wise representation of (). O

Remark 2. We can interpret the norm of eigenvibrations as the energy, namely

b

b b
2
Browa (U) = 021, = [ el drt [ pelusl? et [ hlugf? da.

a

The terms on the right hand side are, in that order, the elastic energy Eqastic, the kinetic energy
Elinetic and the thermal enerqy Finermal- Then (48) shows that eigenvibrations with non-real
eigenvalues have an equal distribution between kinetic and thermo-elastic energies

1
Ekinetic (UE) = Ethermal (Us) + Eelastic (Ue) = §Et0tal (Us) .

Moreover, each energetic contribution Eyinetic; Fthermal @nd FEelastic 18 non-zero.

6 The limit behaviour, m < 1
In the case m < 1, the limit eigenvalue problem is
—uy = Nur, — (au}) 4 (Bus) = Nopua, — (seufy) + Bub, = Nokus  in Qp, (49)
where Qg = (a,0) U (0,b), with the boundary and interface conditions
uj(a) = uj(b) =0, [u;], = [[u;]]o =0 forj=1,2,3. (50)

Remark 3. Similarly as for problem (7)—(10), it can be proved that the spectrum of (49)—(50)
is discrete. That is, it has the same properties as the spectrum of the operator A. described in
Colollary 1. Likewise, the completeness of generalised eigenfunctions discussed at the beginning of

Section 5 holds for (49)—(50) as well.



We introduce an operator Qg: H — H such that (QoU,V),, = (U, V)0 for every U,V € H,
where £ := Hg(a,b) x L(a,b) x L} (a,b). Then eigenvalue problem (49)—(50) can be formulated
as BU = \gQuU in H. The latter is equivalent to MU = )\glU in ‘H, with a bounded operator
My = B71Qy. Similarly as it is shown in the previous sections, there exists a densely defined
operator Gp: H — H with domain ® (Gy) = R (My) such that its inverse coincides with Mo,
Gy ' = My. We introduce the resolvent of operator Gy, namely R (¢,Go) = (Go — ¢)~'. Note that
we already constructed explicitly R (0,Go) = Gy L= My =B"10Q,.

We now establish the estimates between the resolvents R (¢,G.) = (G- — ¢)™ " and R (¢, Go) as
g — 0 for any m < 1. Again, we already constructed explicitly R (0,G.) = G- = M. = B71Q,,
which depends on ¢ and m only via the multiplier Q.. Then the asymptotic behaviour of the
resolvent as ¢ — 0 is determined by the asymptotic behaviour of the operator Q..

Lemma 11. Ifm < 1, then for small ¢ we have |R (¢,G:) — R (¢, Go)|| < Ce” with~y := min{1,1—
m} and a positive constant C independent of € and m.

Proof. By the virtue of [6, IV.3.13],
IR (¢.6:) = R(GGo)l < CIR(0.G) = R (0,G0)]| = C | M~ Mo

=C|B(Q.— Q)| < C|B7H]| 19 — Qo
<C|Q: — Qoll - (51)

For arbitrary elements U,V € H we consider

((Qs - QO) U, V)H = (Qst V)H - (Q()U, V)')—( = (Ua V)Ee - (U’V)[,O =

= /ab (pe — p) ugvg da = /E {efmq (g) — p(x)} ug v dx.

—€

Then by Lemma 13 in the Appendix,
[((Qe = Qo) U, V)| < Ce™ Juall 0,y 1021l 3 a0y < C MUl [V 115

for any U,V € H. Hence, ||Q: — Q|| < Ce”. A substitution into (51) proves the claim. O

Theorem 1. Let m < 1. Then the eigenvalues A of problem (7)—(10) converge to the eigenval-
ues Ao of problem (49)—(50) saving multiplicity. Let P. be the eigenprojector to the generalised
eigenspace of M corresponding to \e and Py be the eigenprojector to the generalised eigenspace
of My corresponding to Ag. Then

|Pe = Poll < C=7 with v =min{1,1—m}. (52)

Moreover, for each eigenvalue Ao of (49)—(50), there is a sequence of eigenvalues {\:}c—o of (7)-
(10) such that A\e — Mo and that estimate (52) holds.

Proof. Lemma 11 states the resolvent convergence R (+,G:) — R (-,Go) in norm as ¢ — 0. Then
the eigenvalue convergence saving multiplicity [2, p. 35]. Further, each eigenvalue Ag can be
encircled with a contour I' such that no other eigenvalue of G is inside or on the contour. Then
the eigenprojector to the generalised eigenspace corresponding to Ag is given by the Riesz projector

2772 /R G gO (53)

Since A\. — Mg, for € small enough, A. is strictly inside I'. Then again the eigenprojector corre-
sponding to \; is given by

Pe =5 /R (¢,Ge) d¢. (54)
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Since the contour I' does not depend on € and consists only of regular points of G. and Gy, we can
estimate

1P — Poll < € / IR(C.G.) =R (¢, Go)|| dC < Coe™ (55)
N

by virtue of Lemma 11.

If we assume that there exists A\g which cannot be approached by a sequence {)\.}, then there
are no A. in a suitable neighbourhood N of A\y. Choose a contour I'; inside N encircling A\g. Then
the corresponding Riesz projectors to the linear subspaces, whose eigenvalues are inside I'; are
given by (53) and (54) with I' = I'y. Therefore the projectors satisfy (55). Hence, for small & we
obtain dim P. = dim Py. This contradicts the assumption that inside I'; there are no eigenvalues
Ae of G.. O

7 The limit behaviour, m =1

For m = 1 the limit eigenvalue problem is

—uy = Aour, — (auy) + (Buz) = Aopua, — (seufy) + Bub = Nokus  in Qo, (56)
uj(a) =u;(b) =0, [u;], =0, j=1,23, (57)
[[Ull]]o = —)\oqoa(O)_lug(O), [[ulz]]o =—Xo [[ull]]o ) [[Ué]]o =0 (58)

with

1
. [ a()de.

Remark 4. Similarly as for problem (7)-(10), it can be proved that the spectrum of (56)—(58)
is discrete. That is, it has the same properties as the spectrum of the operator A. described in
Colollary 1.

Note that the variational formulation of the problem leads to
(U, ®) + (0)p2(0) [ui]y = Ao(U, @) o for every & € H.
The latter along with the transmission conditions (58) implies
7(U,®) = Ao (U, ®) £o + qouz(0)@2(0))  for every & € H.
We introduce a bounded operator Q1: H — H such that
(Q1U,V )y = (U, V) o + qouz(0)v2(0)  for every U,V €H.

Then eigenvalue problem (56)—(58) can be formulated as BU = \Q1U in H. The latter is
equivalent to MU = /\alU in H, with a bounded operator M; := B~1Q;. Similarly as it
is shown in the previous sections, it can be shown that there exists a densely defined operator

1: H — H with domain © (G1) = 3 (M) such that its inverse coincides with My, g;l = M;.
We introduce the resolvent

R(C.G)=(Gi—¢) .
Note that we already constructed explicitly R (0,G1) = G;' = My = B~1Q;.

Lemma 12. If m = 1, then for small ¢ we have |R(¢,G.) — R (¢, G1)|| < CeY/? with C > 0
independent of e.

Proof. Similarly to the proof of Lemma 11, we establish

R (¢, Ge) —R(CG) < C[Q: — Q- (59)
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For arbitrary elements U,V € 'H we consider
((Qe = Q1) U, V)y = (U, V). = (U, V) o — qouz(0)v2(0) =
€ T €
=1 / q (g) UgVs dx — / p(x)ugve dz — gouz(0)va(0).

—€ —€

Then by Lemma 13 in the Appendix, we obtain

1 1
1(Q: = Q) U V)il < Ce2 lluallga ay 021l 13 0y < C=2 U1y [V g

for any U,V € H. Hence, ||Q. — Q|| < Ce'/2. A substitution in (59) proves the claim. O

Theorem 2. Let m = 1. Then the eigenvalues Ae of (7)—(10) converge to the eigenvalues Ao
of (56) saving multiplicity. Let Pe be the eigenprojector to the generalised eigenspace corresponding
to A\e and Py be the eigenprojector to the generalised eigenspace corresponding to Ag. Then the
following estimate holds

1P — Py < Ce. (60)

Moreover, for each eigenvalue Ao of (56)—(58) there is a sequence of eigenvalues {A:}e—o of (7)-
(10) such that A\ — Ao and that estimate (60) holds.

The idea of proof is the same as that for Theorem 1 and is thus omitted; it relies on the
estimates of Lemma 12. We remark that for m = 1, the localised mass concentration influence the
limit eigenfrequencies and eigenvibrations represented in transmission conditions (58) involving
momentum of mass gy and the spectral parameter (see [4] for the same effect in the isothermal
elastic problem).

Discussion

We want to finish with a brief comparison of the limit behaviour in the cases m < 1 and m = 1.
Theorem 1 shows that there is no influence of localised perturbation in the mass density e~"¢q on
the limit eigenfrequencies and the generalised eigenspaces for m < 1. This makes the expectation
rigorous that for m < 1 the added mass is small enough to be neglected since

/E 5*mq<§> dmzelm/lq(g) dé—0 as e—0.
-1

—E

In contrast, Theorem 2 shows for m = 1 a dependence of the eigenvibrations on the con-
centrated mass qg, see (58). This makes the intuition profound that larger values of m have a
stronger impact on the limit behaviour, leading to localisation of eigenvibrations; this has so far
been proved rigorously in the isothermal case only [4].

Appendix

Lemma 13. [Golovaty, Nazarov, Oleinik, Soboleva [4]] Let p € Cla,b], ¢ € C[—1,1] and qo :=
fil q(€)d¢. For any u,v € Hi(a,b) the following estimates hold.

_ € x 1
= [ o (2) o) do - 000 = €l Pllagian (61)

_e \E

< Cellullga g 101 2 (a0 - (62)

’/Z p(x)u(x)v(z) dz

For the reader’s convenience, we give the proof here.
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Proof. The second claim follows from the compact embedding C(a,b) C Hg (a,b), since

’/_i p(z)u(z)v(z) da

< [ pwuta) i

—€

<2 Jnax, Ip(z)u(z)o(z)| < Cellull g3 ap) 1V mg o) -

To prove the first claim, we note that

= [ () utwrnta) e - awu0000) = | [ a6) utc01c0) - w0100
_ | [ 11 a(6) ( /0 Eg(u’vuv')dt) de
g/llq(é) /OEEu’vdt

For any £ € (—1,1) we have
e€ g€ 5
/ u'vdt / (u')” dt

0 0
boe
/ w)? dt

/ 11 0©| [ v

Since the last estimate is symmetric in « and v, the other term in (63) satisfy the same estimate;
this proves (61). O

=3
/ wv’ dt
0

ds+/1 a()

-1

de. (63)

1 1
2 2

<

e
/ v2dt
0

1 1
23K Jnax, [ ()] < Cle€l® Null gy o) 10l 13 o) -

Nl

<

Therefore

1
d§ < Ce? |lull g () 101 1 (ap) -
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