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1 Introduction

A Lie algebra L is called an Engel Lie algebra if for each ordered pair (z,y)
there is an integer n(zx,y) such that

(((yz)z)-- )z =0. (1)

n(z,y)

One of the basic classical results for Engel Lie algebras is Engel’s Theorem.
It states that every finite dimensional Engel Lie algebra over a field is nilpo-
tent. So for finite dimensional Lie algebras the Engel condition is equivalent
to nilpotency. This is however not true in general.

Now suppose n = n(z,y) in (1) can be chosen independently of = and .
We then say that L is an Engel-n Lie algebra. A different way of stating this
is to say that ad(z)" = 0 for all x € L. Here ad(z) is the multiplication from
right. We have the following two results of E. I. Zel’'manov.

Theorem Z1[10] Every Engel-n Lie algebra over a field k with char k = 0 is
nilpotent.

Theorem Z2[11,12] An Engel-n Lie algebra over an arbitrary field is lo-
cally nilpotent.

The natural question that now arises is what can be said about the nilpo-
tency classes. How does the nilpotency class depend on n and the number

1



of generators r? In [9] E. I. Zel'manov and M. Vaughan-Lee give upper
bounds. Before we state their results we introduce some notation. Define a
function 7' : N x N — N by induction in the following way: T'(m,1) = m,
T(m,s +1) = mTm) Let L be an Engel-n Lie algebra generated by r
elements. It follows from the work of Zel’'manov and Vaughan-Lee that L is
nilpotent of class at most 7'(r,n™"). When the characteristic of the field is
greater than n they get smaller bounds. So if 25 < n < p then L is nilpotent
of class at most T'(r, 2") and when 26 > n < p we have that L is nilpotent of
class at most T'(r,3™). The authors nevertheless believe that these bounds
are too high and make the conjecture that the class can always be bounded
by a function which is polynomial in 7.

There is still not much evidence that this conjecture is true. But there
are some supporting facts. From Theorem Z1 it follows that for each n there
is a constant ng such that every Engel-n Lie algebra over a field k£ with
char k > ng or chark = 0 is nilpotent. Here the nilpotency class does not
depend on r, so we have a constant upper bound. This means that for each
n the conjecture is true for almost all characteristics. We also have some
detailed information for small values of n. For n < 3 the conjecture is known
to be true. It is well known that Lie algebras satisfying the Engel-2 identity
are nilpotent of class at most 3. In [5] it is shown that Engel-3 Lie algebras
with char k # 2,5 are nilpotent of class at most 4 and that when the charac-
teristic is 5 we have that the class is at most 2r. In [6] it is shown that the
class is at most 2(r + 1)® when char k = 2. For n = 4 the conjecture is also
known to be true in most cases. For characteristics not equal to one of 2,3
or 5 we have that the class ¢ is at most 7 [1, 5]. For char k = 3 we have that
¢ < 3r [5] and ¢ < 6r when chark =5 [2]. In [6] a polynomial upper bound
is also given for ¢ when chark = 2 and |k| # 2. Before we turn to Engel-5
Lie algebras we also mention that Vaughan-Lee [8] has recently shown that
Engel-6 Lie algebras over field with char k = 7 have nilpotency class at most
5178,

In this article we will be looking at Engel-5 Lie algebras. It is not diffi-
cult to show that if L is an Engel-p Lie algebra over a field of characteristic
p, then ab’~! is central in L for all a,b € L. It follows that the class of an r-
generator Engel-5 Lie algebra over a field of characteristic 5 is at most 6r+ 1.
But it seems unlikely that one has a linear upper bound for characteristic 2
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and 3 since in that case it is known that the ideal generated by an element
need not be nilpotent. In this article we will get linear upper bounds for the
class ¢ when char £ > 5. Our main theorem is the following.

Theorem 1 Let L be an Engel-5 Lie algebra with r generators. If chark #
2,3,5,7 then the nilpotency class c is at most 59r. If chark = 7 then ¢ < 80r.

Finally it should be mentioned that Engel Lie algebras played an important
role in the solution of the “restricted Burnside problem”. For a detailed
discussion of the Burnside problem we refer to [4, 7].

2 An outline of the approach

Let F' be a free Lie algebra freely generated by z, z1, 29, ... over a field k
where char & > 5. We let
L=F/J

where J is the ideal in F generated by {uwv®|u,v € F}. That is L is a
relatively free Engel-5 Lie algebra over k freely generated by y = 2+ J,y; =
21+ J,yo = 29+ J,.... Since char k > 5 we have that

J = <{ZUUU(1) C e Ug(sy| U, 1, .05 € FTY).
Therefore J is a multigraded ideal and thus L is a multigraded Lie algebra.

Now let Iy = Id{{yy;|i,7 € N}) and L; = L/I;. Then L, is generated
by v = y+ Ii,a1 = y1 + I1,a0 = yo + I1,... and the a’s commute in L.
We want to study the nilpotency of I, < L but it follows from the following

proposition, which is due to G. Higman [3], that it is sufficient to consider
the ideal I, < L.

Proposition 1 If I; = {0} in L, then I; = {0} in L.
Proof We assume that IS = {0} in L; and prove by induction on m that

every product of multiweight (¢, 1,1,---,1) in y,y1,¥2,- .., Ym 18
—_———

zero in L. (¥)



From property (*) it follows that in every Engel-5 Lie algebra L we have
that all products of multiweight (c,1,1,---,1) in w,uq,...,u,, are zero for
—_———

m
arbitrary w, uy, ..., u, € L.

Basis of induction: m = 1. Let L. ;) be the subspace of L consisting of ele-
ments of multiweight (c,1) in y, y1.Now L) NIy = {0} (L is multigraded).
But since I$ = {0} in Ly we have that L) < I and thus L) = {0}.

Induction step: Suppose property (*) is true for some m = r > 1 we prove
it is true for m = r 4+ 1. Let u be some product of multiweight (¢, 1,1,--,1)
———

r+1
in y,y1,...,Yr+1. Since I{ = {0} in Ly we have that v € I;. Since [ is

multigraded we have that u is a linear combination of elements of the form

(yiyj)vl c Upge—1

where vy, ..., Vyqc—1 is some permutation of y, ..., y, Y1, ..., Yic1, Yit1s - - -5 Yj—1,
—_—
C
Yj+1s - - -, Yrp1. But such a product is a product of multiweight (¢, 1,1,---,1)
—_————

in y,uy, ug, -, u,, where u; = y;y; and {uo,...,u,.} ={y| l & {3,j} }, and
is therefore zero by the induction hypothesis. O

We will therefore be working in L; for the rest of the section. Let A =
{a1,as,...} and B = AU {za,a;a,a|a;, aj,a,,a, € A}. We have that L, is
generated by z and A. Now we want to study the nilpotency of I, in L;. We
shall now reduce this problem in a few steps as follows.

Step 1. We let I, = Id({za;ajarqi, j, k,1 € N}) and Ly = Ly/I5. In Section
3 we shall show that (za;a;ar)(zarasa.0;) = 0 for all 4, j, k, 7, s,t,1 € N. This
implies the following.

Proposition 2 If every product in Ly with d elements of A lies in I then
every product with 4d elements of A is zero. If uy, us,us, uy € B and one of
the u;’s is in B \ A then xujusuguy = 0.

Proof Let L be any Engel-5 Lie algebra generated by u, b1, bs, ... ,where the
b’s commute. Then L is a homomorphic image of L; under the map which
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takes x to uw and each a; to b;. It follows that (ub;b;b,)(ub.bsbib;) = 0 in L
for all 4, j,p,r, s,t,1 € N.

Since (za;a;a,as)a; = 0 by the Engel identity and

(za;ajaraq)(Taiaama,) = 16,00, (T0100,a0,)as
— 0’

we have that the elements in B commute. We have therefore
($b1b2b3)(l‘b4b5b6b7) = O (*)

for all by,bs,---,b; € B. So we have proved the second assumption in the
proposition.

Suppose u is a product in L; with ¢ > d elements from A. Then u € I
and w is therefore a linear combination of elements of the form

TA;A5ArAsUITUY * * = U

where each wu; is either x or lies in A. Since I is multigraded we can assume
that each summand has the same multiweight as .

Then assume wu is a product with ¢ > d elements from B. Then it fol-
lows from the fact above that « is a linear combination of elements of the
form

xb162b364u1 o Um

where each u; is either z or in B. But since (zcicocs)(zeyescger) = 0 for all
C1,Ca,...,c7 € B it follows that xbibsbsby, = 0 unless by, by, bs, by all lie in
A. So we can assume that in each summand by, by, b3, b, € A. But then the
summand is a product with ¢ — 3 elements of B, xbybsbsb, and the b’s among
UL, U,y o oy Uy,

Now let u be a product in L; including 4d elements from A. By using the ar-
gument above repeatedly, we see that we can write u as a linear combination
of products with 4d — 3d = d elements of B. But then for all the summands
we must have that the d elements from B are all of the form za,a;a,a;.



Now we apply the argument once more to each of the summands and we
see that u is a linear combination of products of the form

l‘b1b2b3b4ul U,

where by, by, b3, by are all of the form za;a;a,a,. But then each summand is
zero by remark (*) above. Hence u is zero. O

We have thus reduced the problem to working in Ls. Now let C' = A U
{za,a;a,|a;, aja, € A}.

Step 2. We let I3 = Id({za;a;a,| i,j,r € N}). Then I, < I3 < L;. In
Section 3 we shall prove that (za;a;)(za,asa;) € Io. This implies the follow-
ing.

Proposition 3 If every product with d elements of A lies in I3 then every
product with 3d elements of A lies in Is. If ui, us, us € C' and one of the u;’s
is in C'\ A then xujusuz € I.

Proof We have that every product of the form za,;a;a, commutes with all
the a’s modulo I, and we also have that two such elements commute together
modulo /5. The rest of the proof is similar to the proof of Proposition 2. O

This implies that we have reduced the problem to working in Ly = L;/I;.
Define a sequence of sets {A4;} by induction as follows,

A=A, A = AU {abiby| by, by € A}
Then we let A = U A;.

Step 3. We let Iy = Id({za;a;| i,j € N}). Then I, < I3 < I, < L. In Sec-

tion 4 we shall prove that all products of weight 9 involving z, x, z, x, a;, a;, a,, as, a;
are in I3. We shall also see that every product of weight 6 involving z, z, a;, a;, a,, as
is in I3. This implies the following.

Proposition 4 If every product with d elements of A lies in I, then every
product with 4d elements of A lies in Is. If an element u € A, includes
either 5 elements from A or 4 occurrences of x then u € I3.
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Proof We have that every product of the form za;a; commutes with all the
a’s modulo I3 and we also have that two such elements commute together
modulo I3. The difference between this situation and steps 1 and 2 is that
we do not have (za;)(za;a,) € Is. We therefore have to change the argument
slightly.

We first show that the elements in A,, commute modulo /5 and that xb,byb; €
I3 for all by, by, b3 € A,.. We prove by induction on n the following hypothe-
sis:

If bl,bQ,bg c An then (1) ble c [3 and (2) $b1b2b3 € [3.

This is obviously true for n = 1. To prove the induction step it is clearly
sufficient to show that if B is a subset of A, and if (1) and (2) are satisfied
for all by, be, b3 € B then (1) and (2) are satisfied for by, b3 € B and by = xbybs
with by, b5 € B. But then

b1by = xbybsby € I3 (by induction)
and
.ﬁl]blbzbgg = .szbg(.fb4b5)

modulo /3. And since (zajaz)(zasay) € I3 we have that
$b2b3($b4b5> c Id<bzb], l’bzbjbk| 2 S ’i,j, k S 5) S [3

by induction. We have therefore proved the hypothesis.

It follows from this that for all by,bs,...,05 € A, we have that every
product of weight 6 involving z,x, by, by, b3, by and of weight 9 involving
T, x,x,T,b1, by, b3, by, b5 is in I3.

We next prove that if u € A, includes at least 5 elements from A then
it must be in I3. So suppose that u is in A,, and that u contains at least 5
elements from A. Then we have that there are two possibilities for the form
of u. We have that

u = $(l‘($b1b2)b3)b4

or

u = l‘([L‘blbg) (l‘b3b4),
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where by, by, b3, by € A, and one of them is of the form weicy with ¢1, 0 € A.
But then u is a product including 4 occurrences of z and 5 elements from
Ao and is therefore in I5. It now follows easily that the second assumption
in the proposition holds.

Now if we have a product u including e > d elements by, bs,...,b, € Ay,
then w can be written as a linear combination of elements of the form

ZL‘bibjullLQ s Uy,

where uq,us, . .., u, are each either x or b, for [ € {1,2,...,e}\ {i,7}. But
then each summand is a product including e — 1 elements from A.

Now let u be a product including 4d elements from A. By using the ar-
gument above repeatedly, we get a linear combination of products each with
d — 1 elements from A,. But 4(d — 1) < 4d so one of these elements must
contain at least 5 elements from A. As we showed above, any element of A
containing at least 5 elements from A is in I3, and so u € I3. O

In the next 3 sections we shall show that the assumptions we have made
above are true.

3 Reduction steps 1 and 2

In this section we shall assume that chark > 7 or chark = 0. Since L, is an
Engel-5 Lie-algebra and char k > 5 then linearization of the Engel identity
gives us that

0= uc4v + uc?’vc + uchc2 + ucvc3 + uvc4

for all u,v,c € L;. Then also

3 4

3UC — UC2UC2 — vcuc — vuc

0 = —vc'u—ve
= u(vc?) + ulve)e + u(ve®) + u(ve)d® + uve

= wuctv — 5ucdve + 10uctve® — 10ucvc® + Suvc?.

4

We will call this latter identity the skew-Engel identity.

We will first prove the following proposition.



Proposition 5 Ifa,b € A then (zb%)(za*) =0 in L.

Then linearization gives us that

(zarasar)(ra;ajaa,,) =0

in L. This was the assumption we made in reduction step 1 in last section.

Proof of Proposition 5 The Engel identity and the skew-Engel identity
give that

0 = za*z + zalzra + ra’za® + raxad®

and

4 3

0 = za'zr — bxa’za + 10za*za® — 10zaza®.

If we now postmultiply by b three times, we get
0 = za'zb® + zazab®

and
0 = za*zb® — bra’zab®.

It follows that xa'zb® = 0 and hence (za*)(zb®) = 0. (This uses the fact that
zra"za*h® = 0 if s > 2. That is clearly true since L, is an Engel-5 algebra.)
O

Recall from last section that I, = Id{({za;a;arli, j, k,1 € N}). From now
on we will be calculating modulo 75 so u = v will mean v = v modulo /5.

Proposition 6 Ifa,b € A then every product of x,x,a,a,a,b,b is zero.
It follows that (xb?)(xa®) = 0. In particular linearization gives
(zaa;)(zarasar) € I

for all 4, j,r, s,t € N. But this was the assumption we made in reduction step
2 in Section 1.

Proof of Proposition 6 We first show that every product of x, x, a,a,a,a,b
is zero. From the Engel and skew-Engel identity we have

0 = xbxa® + xbaza® + rba’zra®



and

0 = zbra* — 2zbazxa® + 2xba’za’.

But we also have
0 = xb(za*) = wbra* — 4xbaxa® + 6xba’*ra®.

Solving these equation together gives xbra* = xbaxa® = zba’va® = 0 . In
particular we have zara* = za’zra® = za3xa® = 0. It follows that

—4zaza®b = zbra, —3za’za®b = 2zabra®, 2za’zab = —3za’bra®

SO
raxa’b = ra’za’b = zalzab = 0.

It is now clear that all products of x, x, a, a, a, a, b are zero.

We have seen that xbra* = 0. Linearization gives that zbra,asasa, = 0,
for all b,a;,as,as,a, € A. Linearization of xabra® = 0 and za?za?b = 0
gives

zb?za® = —3zabra®h, wa’zab® = —zabra®b.

Then similarly since za*zab = ra*bra® = 0 we have
zadxb® = —3za’brab, wab*za® = —xa’brab.

Therefore all products of z, z, a, a, a, b, b are in the linear span of zabra?b and
xa’bxrab. From the Jacobi identity we have

0 = (za®)(zb)b+ (zb)b(za®) + b(za®)(zb)

= —3zabxa’®b
and then from the Engel identity

0 = awa(za)b® + 2axb(za)ab + axb*(za)a + 2azxab(ra)b

= —2za’brab.

So we have proved the proposition. O
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4 Reduction step 3
Recall that I3 = Id({za;a;a,|i, j,r € N}). We also had defined A, as follows,
A=A, A= Ay U{abiby|by, by € A}

and Ay, = U A;.

In this section v = v will mean that v = v modulo I3. We will prove
the following two propositions.

Proposition 7 FEvery product of x,x,a,b,c,d is zero if a,b,c,d € A.

Proposition 8 Every product of x,x,x,x,a,b,c,d, e is zero if a,b,c,d, e €

A.

This is what was needed to go through the reduction step 3 in Section 2.

Proof of Proposition 7. We first prove that every product of z,z,a,a,a,b
is zero if a,b € A. Using the Engel and Jacobi identities we have

0 = bx?d®+ braxa® + bra’za + bra’x

= —zbaxa® — xbra®
and

0 = ab(za®)

xbxra® — 3zbaxa’®.

Solving these two equations together gives wbara? = 0 and zbra® = 0. In
particular we have za’ra? = zaxa® = 0 and linearization gives xa’xab =
zbaza® = 0 and zara®b = —1/3 - xbra® = 0. It is therefore clear that all

products of z, x, a, a, a, b are zero.

Let us now turn to the general case. Since zbra® = 0 we have that lin-
earization gives that zbracd = 0. Also linearizations of zabra® = 0 and
ra’rab = 0 give

zb?za® = —2zxabrab, za’zb® = —2zabzab.
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It follows that all products of x, x, a, a, b, b are multiples of zabxrab. But
0 = zab(zab) = zabzab.

We have therefore showed that all products of =, x, a, a, b, b are zero.

Linearization of za?xb*® = 0 gives then wabzed = 0 for all a,b,c,d € A.
O

Now we turn to the proof of Proposition 8. In the following argument we
need to assume that char k # 7,17. Using a computer program the nilpotent
quotient algorithm [see 2] was applied for these exceptional characteristics
and it was verified that Proposition 8 also holds in these cases. In the rest
of the section we will therefore assume that chark # 7, 17.

Lemma 1 Ifa € A then every product of x,x,x,x,a,a,a,a is zero.

Proof First of all

0 = za(za) = rava — va’z. (2)

It follows that zazaxra = ra’xr?a and rara?r = xa’zax. It is then clear that
every product of x,x,,a,a,a is in the linear span of za’x?a, ra’rar and
rar®a®. From the Jacobi identity we have using (2)

0 = (za*)(za)r + (va)z(wa®) + x(za®)(za)

= 3zd’zax + rar’a® — 3ra*r’a (3)
and from the Engel-identity

0 = zar’d®+ ravaza + raxa’z + ra’z?a + ralzrax

2za’rax + rar®a® + 2ra*ria. (4)

From (2)-(4) it follows that

ra’rar = zara’r = 5ra’ria
rar’a®> = —12za’2%a
ravara = za’r’a. (5)
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Every product of z, z, x, x, a, a lies in the span of za?2?, rar?ax and xax?a.

From the Engel identity we have

0 = —(L’L‘4(1, — (L’L‘g(lZL‘ — (L’L‘Q(L'L‘2 — (l[L‘CLZL‘g

= :m:p?’a + xax2a:p + 2xaxax2
and we also have

0 = (az)r(az?)
= —zazrazr® + 2zar’axr — vaz’a.

It follows that

.T}CL2.CL’3 SL’CL.CL’CL.ZC2 = —3.1’0,.1’20,.1’

var®a = Srazr’az. (6)

We can now easily complete the prove of the lemma. By Proposition 8 every
product of z,x, a,a,a,a is zero. We can therefore assume that a product of
x,x,T,T,a,a,a,aends in za, ax or aa. By (5) and (6) it is then in the linear
span of

U, = za*2x*azxa, U, = za*z*d®z, Us = zax’aza®.

Using (5) and (6) we have
0 = wza’z(ra’x)
= 2U; — 10U, + 3U;
and using the Engel identity

0 2,3 2 2

= xa°“x°a +xa2x 202

aza + za’z’a’x
t+ra*ras® + ra*raxar + rvatvaria
= 6U; +6U; — 3Us.
It follows that Uy = 2U; and Us = 6U;. From the skew-Engel identity we
have
0 = —10yayay® + 10ya’y*ay® — bya*y>ay + yay*a
for all y. If we substitute x + a for y we get

2 2 2

0 = —4dxd’2z3a® + 11zd®2*azxa + Sra’r’a’s — 9xa’raz’a — 15za’razar

= —34U; — 70Uy + 12U3 = —102U; = —6 - 17U;.
So Uy = 0 since chark # 17. O
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Lemma 2 If a,b € A then every product of x,z,z,z,a,b is in the linear
span of vaxbx?® and xabx®. In particular

6razr®br = 9zrarbr® — 1lzabzr®;
6rax’b = —15zaxbar® + Srabx®;
rbrar® = —zaxbr® + 2zabx®;

6zbr’ar = —9zaxbr® + Txabz;
6zbr’a = 15xaxbr® — 25xaba®.

Proof From the Engel and skew-Engel identity we have
0 = axbr® + ax®ba® + az®bx + ax’b

and
0 = —10azbz® + 10ax’bz?® — 5axbx + ax’b.

Solving these together gives the first two identities in the lemma. The rest
is easy and is left to the reader. O

Lemma 3 FEvery product of x,z,x,a,b,b is in the linear span of xabxbx,
zaxb’x and xaxbxb. In particular

S5rabr®b = —1lzabrbxr + razb®x + 15zaxbab;
Srazr®h® = 6xabrbr — ldzaxb*s — 20zxaxbb;
zb’rar = 2zabrbr — rarb’z;
zbrabr = 2xabrbr — razb’z;
S5xb’r?a = 26zabrbr — 19zaxb’s — 30zaxbrb;
Sxbraxb = —22zabrbr + 18zaxb’z + 25xaxbab;
Szbrbra = 26zxabrbr — 19zaxb’s — 30xazbrb;
Sxbrlab = —2Tzabrbr + 13zazb®z + 10xaxbrb.

Proof From the Engel identity we have
0 = axbabr + axbr?®b + ar*b*x + ax’bxb + axb>.
Then from the skew-Engel identity we have

0 = —10ayby® + 10ay®by® — 5ay®by + ay’d
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for all y, which implies that
0 = —15azbxbr — 9azxbz?b + Sax’b’z + 1lax’bxb — daz’b?.

Solving these two equations together gives the first two identities. The rest
follows easily. O

Lemma 4 Ifa,b € A then every product of x,x,xz,x,a,b,b,b is zero.

Proof We first show that every such product ending in x is zero. Let
Vi = zabzbxbx, Vo = zaxb’xbr and Vi = zaxbrb’x. Now every product
of x,x,a,b,b,b is zero by Proposition 7. It is then clear by Lemma 3 that
all products ending in x are in the linear span of Vi, V5 and V3. Now from

Lemma 1 we have 5xa’zr?a?x = 0 and linearization gives

Sxabr’b’x = —5xb’x’abr.

Using Lemma 3 we then get —11V; + 9V, + 15V = —26V; + 1915 + 3014
which implies that
0=3V; =2V, — 3Vs.

3

Since Hzazr’a’r = 0 we get by similar reasoning

0=15Vp — oV, — 2V5.

If we solve these equation together we have 5V, = —13V3 and 15V; = —11V53.
Therefore we only have to show that V3 = 0. But

0 = Szazx(zb®)z
6Vi + Vo — 35V5.

If we multiply this by 5 we get 0 = —2-3-5-7-V3. So V3 = 0 since
chark ¢ {2,3,5,7}.

Let W = zabx®b?. From Lemma 6 we have xaz?a® = 0 and it follows that
6xax®b® + 18zbxab® = 0.

We now use Lemma 2 and get

0 = 30zaxbz®b? — T0W (7)
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From previous work we have that all products ending in x are zero and that
all products are in the linear span of W, Uy, Uy and U; where

Uy = zabxbz®b, U, = zaxb*2®b, Us = zaxbrbzb, W = zabx®b?.
Now from Lemma 3 ((xab) commutes with b) we have
5x(zab)z?b? = 6z (zab)brby — 14z (zab)xb*s — 202 (xab)zbrb

which implies that 5zabz3b? = —20zabz?brb and then Lemma 3 gives

oW = 44U, — 36U, — 60Us. (8)
From the Engel-identity we then have

0 = 5xabxra’bb + Sxabrxbrb + Sxabrbar’b
which with help of Lemma 3 gives
SW = 6U;, — 99U,y — 15Us. 9)

Then we also have

0 = 30zax®(zb?)
—300W + 108U; — 252U, — 360U3

which gives
Now solve equations (8)-(10) together and we have 3U; = 17U; and 9U3 =
—23U;. We then only have to show that U; = 0. Now use the Engel identity.
We leave the routine calculations to the reader
0 = 30[azx(xb*)z’b + ax®(xb*)xb + 2ax> (2b*)b + axbaz®(xb*) + az®bx(xb?)]

= 400W — 180U; + 300U, + 660U5

= —4-25-7-U.
and U; = 0 since chark & {2,5,7}. O

Lemma 5 Ifa,b,c,d € A and then every product of x,z,z,z,a,b,c, d, with
last two elements from A, is zero.
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Proof From Lemmas 2 and 4 we have
0 = 6xax’bed = —15zazxbr’cd + Srabr>cd

and
0 = 6xbx’acd = 15zazbr’cd — 25zabx’cd.

Therefore xaxbr?cd = xabx3ed = 0. O

Let a,b,c € A and let

Vi = zabzbrex, V, = zaxb’xzcx, Vi = xaxbrbex,
U, = zabzbrxe, U, = zazxb’zxc, Us = xaxbrbxe.

It follows from previous lemmas that all products ending in xc or cx are in
the linear span of these products.

Lemma 6 We have Uy = 4U,, U3 = —U;, Vo = 4V; and 2V3 = -5V}
Proof From Lemma 4 we have
(za)(xb?*)zcr = —xb?*(za)vcr = 2xab(xb)rcr

and therefore
zarb’zexr — 2xabrbrer = 2rabrbrex

which implies that V5 = 4V;. Similarly we get Uy = 4U;. Then from Lemmas
3 and 4 we have

0 = brar’b’cx
= 6V; — 14V, — 20V;
—=50V; — 20V4

which implies that 2V3 = —5V). Finally from the Jacoby identity and Lem-
mas 3 and 5 we have
0 = 10-[(az?)(bz*)bc + (bx*)b(az?)c + b(az?)(bx?)c]
= 10[(bz*)b(az?)c — (az®)b(bx?)c]
= —140U; — 140U;. O
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Lemma 7 Ifa,b € A then all products of x,x,x,x,a,a,b,b are zero.

Proof We let U/ and V; be defined as U; and V; with ¢ replaced by a. It
follows from last lemma that it is sufficient to show that the products U] and
Vi are zero. From the Engel identity and Lemmas 3 and 5 we have

0 = bxb’r’axa + Sxb’r’d’x + Sxb’xaxr’a + Srb’raxax

— 15V] — 30U (11)

and from the skew-Engel identity (see proof of Lemma 3) (11) and previous
lemmas we have

0 = 5-[1labaz® + Szb*2r*a’s — 9wb’vaz’a — 150b*vavaz]

= 420U
and thus U] = 0 since chark ¢ {2,3,5,7}. Hence also V| =2U] =0. O
Lemma 8 Ifa,b,c € A then all products of x,x,z,z,a,b,b,c are zero.

Proof From Lemma 5 we have that all products with last two elements from
A are zero. From Lemma 3 we have

5zabr’ber = —11V; + 9V + 15V3.
Lemma 7 therefore implies that
0= —-22V; + 18V, + 30V = =25V

so all products ending in cx are zero. By symmetry all products ending in ax
are also zero. By Lemma 7 we have xacrbrbr = 0 and xbracrbxr = 0. Also
2zabrcrbry = —xb?zcrar = 0, where the first identity comes form Lemma
4. Similarly 2zaxbexrbr = —xarb’*xzcr = 0. Since all products of x, x,a, b, b, c
are zero we have that all products ending in x are 0.

Now from the Engel-identity we have

0 = ax(zb®)r’c+ ax®(xb*)zc + az’(xb?)c

tazcr?(cab?®) + ax’cx(xb?) + axc(xb?). (12)
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Then we have from the skew-Engel identity
0 = —10au(zb?)u® + 10au®(zb?)u* — 5au®(xb*)u + au*(xb?).
for all w € L. That implies that

0 = —10ax(xb*)2z*c + 10a2*(zb*)zc — 5az’(2b?)c
+axcr® (zb?) 4+ ax’cx(zb?) + ax’c(zb?). (13)

Now (12) and (13) together give

0 = 5-(1lax(zb?)r’c — 9az?(xb*)zc + 6ax® (xb?)c)
= 128U, — 52U, — 15005
= 70U,

so Uy = 0 since chark ¢ {2,5,7}. All products ending in xa are also zero by
symmetry. The only products ending in zb that are not obviously zero are
raxbrerb and xaxcrbrb. But

0 = —(2b*)(zazcz) = raxcr(xb?) = —2zvarcrbrb = 2vaxbrcxb + 2vavbrbrc.

So we have proved that every product of x,x,x,x,a,b,b,c is zero for all
a,be A. O

Proof of Proposition 8 It follows from last lemma that if we interchange
two of a,b, ¢,d in a product of x, x, x,x,a,b, c,d then the sign changes. This
implies that if two of a, b, ¢, d occur in a row in such a product, then it must be
zero. Therefore every product of x, x, x, x, a, b, ¢, d is a multiple of zaxbrcxd.
But from the Jacobi identity we have

0 = (raxb)zced + xc(vaxb)xzd + c(xaxb)rxd
= zaxbrcrd + xc(vax)brd
= zazxbrcrd + 2xcraxbzrd

= 3zaxbrcxd.

To complete the proof it is sufficient to show that for all a,b,c,d,e € A we
have that every product of x, x,x,a,b, c,d, e is zero.
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By Proposition 7 we have that every product with two occurrences of z

and four elements of A, is zero. Therefore we have
ra’rexd® = va’xc(rd®) =0

for all a,c,d € A and then
0 = xa’z(xc?)

= za*2*c® — 3zatxcxd®

= za’x*c® (by (14)).

From this we have
zabrcxde = zabx’cde = 0

so every product starting in xab is zero. Then
rawbexrd® = va(zbe)rd® = 0

and therefore
0 = zazb(xc®) = vavbrc®.

Therefore zaxbcxde = xaxbrede = 0. O

5 The Proof

(14)

Assume in the following that char & > 7 or char £ = 0. We shall consider the
case char k = 7 in the end of the section. Before we prove the main theorem,
we need to carry out reduction step 4 by proving the following proposition.

In the proof of this proposition v = v will mean that v = v modulo I,

Proposition 9 If U is a product in L which includes either 5 occurrences

of x or 3 elements from A, then U = 0.

Lemma 9 Ifa,b,c € A then every product of x,x,x,a,b,c is zero.

Proof We first show that every product of z,z,x,a,b,b is zero. We can
assume that the product starts in xa. The next letter must be x. Because

0 = za(xb?) = vazb®
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all such products are in the span of zaz?b? and xaxbxrb. From the Engel and
Jacobi identities we have

0 = (xax)(zb)b+ (xb)b(xax) + b(zaz)(xb)

= zaz’b?® — 2xaxbrb

and
0 = zax’b® + xaxbxh.

This implies that xaz?b? = zaxbrb = 0 and we have thus proved that every
product of x,z, z,a, b, b is zero.

Now consider a product of z,z,x,a,b,c. It follows from the previous work
that if we interchange two of a, b, ¢ the sign changes. If we have two of a, b, ¢
in a row, we therefore get a zero. Therefore every product of z,x, x,a,b, c is
a multiple of zazbrc. But from the Jacobi identity we have

0 = (zaxb)zc+ xc(raxb) + c(raxb)x
= zazbrc + xcxaxb + xcxaxh

= 3zazbxc.
O
Lemma 10 Ifa,b,c € A then every product of x,x,x,x,a,b, c is zero.

Proof The proof follows similar pattern as the proof of last lemma . We first
show that every product of z,x, x, x,a,a,bis 0. By Lemma 9 they clearly lie
in the span of

Ui = br*az’a, U, = bxaza, Us = bxta®.
From the Engel identity we have
0 = bx’az’a + bx*axa + bx*a®

and we also have
0 = ba®*(xa?) = ba'a® — 2bzPaxa.
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This implies that U; = 2U; and U; = —3U;. Now we use the Engel identity
again. We have

0 = 2(xa)z*ab+ (va)z’azb+ (va)z’bra + (za)var®b + (za)rbr’a
= 2b(az*)a + b(axax) + blaz®)za + b(az®)2’a
19U; — 12U, + 3U;
—7-3%Us.

Since chark ¢ {3,7} we have Uy = 0 and we have thus shown that every
product of z,z,z,x, a,a,b is zero.

Now consider a product of z,z,z,x,a,b,c. By the preceeding work it fol-
lows that if we interchange two of a,b or ¢ then the sign changes. By the
same argument as was used in last lemma, we have that the products are in
the linear span of U; = az?br?c and Uy = az®bxc. (Note that the product
can not end in an z by last lemma). From the Jacobi and Engel identities
we then have

o
I

(az®)(bx®)e + (bx®)e(ax?) + c(ax?)(bx?)
- 3U1 - 2U2

and

0 = ax(ze)x®b + az’(wc)zb + ax®(zc)b + ar’br(we) + ax’b(xc)
— U1 + UQ.

It follows that U; = Uy = 0. O
Lemma 11 Ifa,b,c € A then every product of x,x,x,x,x,a,b,c is zero.

Proof As in previous two lemmas we first prove that every product of
T, 2,%,2,%,a,a,b is zero. From Lemma 10 it follows that they are in the
span of

U, = braza, U, = brlaz’a, Us = br'aza.

We have
0 = ba*(za®) = —2bxr*ara = Us.
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Then the Engel and skew-Engel identities give us

0 = (bz®ax® + br’ar?)a

= U+ U,
and

0 = (10bz%ax® — 5bz*ax® + batax)a

It then follows that U; = Uy = Us = 0 and every product of x, x, x, x, x,a,a,b
is zero.

Now consider a product of z,x, x, x, z, a, b, c. It now follows that if we inter-
change two of a, b or ¢ then the sign changes. Then the product is in the
linear span of

U, = az?ba’c, U, = az’ba’c, Us; = az'bre
and as above we have from the Engel and skew-Engel identity
Uy +U;+Us3 =0
and

10U, — dUy 4+ Uz = 0.

It follows that 2U; = 3U; and 2U; = —5U;. From the Jacobi identity we
have

0 = (az®)(bx?)c+ (bx?)c(ax®) + c(ax®)(bx?)
—Uy +2U; — 2U3
TU,. O

Proof of Proposition 9 We first prove that all products including a, b, c €
A are zero. We will use induction on the number of occurrences of = in
the product. This holds obviously when this number is 0 or 1. Because
az?bc = ax(xbc) = 0, this is also true when the number of z’s is 2. Lemmas
9, 10 and 11 show that this is also true if the number of occurrences of x is
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3, 4 or 5. So suppose the number of z’s, say i + 6, is greater than 5 and the
statement holds if the number is less than i + 6. Let

U = az’bxizte, U, = ax’bax’zle, Us = ax'ba’zle.

As before we get from the Engel identity and skew-Engel identity that 2U; =
3U; and 2U3; = —5U;. But from the Engel identity we have also

0 = az’brler* + ax’brizea® + - + az’ba'zic

= az’bxzie.
So U; = 0 and the induction statement holds.

Next we prove that all products with 5 occurrences of x are zero. So suppose
we have a product with 5 occurrences of z and r elements from A. If r is
1 then the product is clearly zero by the Engel identity. If » > 3 then we
have just proved that the product is zero. So we can assume that we have
a product of z,z,z,x,z,a,b and a,b € A. From the Engel and skew-Engel
identity we have
0 = az’ba® + ax’bx® + ax’ba
and
0 = 10az?bz® — 5az’bx® + axtba.

Which implies that 2az3bz? = 3az?bz® and 2az*ber = —5ax?bz3. Then

0 = a(bs®)
= 5(2a2*bz® — 2az*b2® + ax*br)
= 5/2-(=T)az?bz?.

Since char k # 7 we therefore have that all these products are zero and the
proposition is therefore proved. O

Next we see what information about the nilpotency class of I, we can deduce
from this. We have seen that every product which includes either 5 occur-
rences of x or 3 elements of A lies in I;. By Proposition 4 we have that every
product that includes 12 elements of A lies in I3. But we also have that every
product which has 13 occurrences of x lies in I3. Let us see why this is true.
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Recall the definition of A, from the proof of Proposition 4. If we have a prod-
uct u including e > 5 occurrences of x and t elements from A by, bs,. .., b;.
Then u can be written as a linear combination of elements of the form

xbl-bjulug s Ueqt—3

where uy, ug, . .., Ueys—3 is some permutation of x, ..., x, by, ..., b;_1,bi11,. ..,
———
e—1
bj—1,bj41,...,bi—o. But then each summand is a product including e — 1 oc-

currences of  and ¢ — 1 elements form A,. Namely zb;b; and ¢ — 2 of the
elements of A,, which we started with. Now let u be a product with 13 oc-
currences of x and at most 11 elements of A. By using the argument above
repeatedly we see that u can be written as a linear combination of products
each including 4 x’s and at most 2 elements from A.,. But since 9 z’s are
involved in these two elements, one of them must include 5 occurrences of x
and therefore lie in I3 by Propostition 4. Hence u € I;.

So every product with either 13 z’s or 12 elements from A is in I3. By
Proposition 3 it follows that every product including 36 elements of A is in
I5. But we also have that every product including

13+ [35/3] = 24

occurrences of z is in I,. The reason for this is as follows.

Recall that C' = AU{za;a;a,| a;, aj, a, € A}. We have seen that the elements
in C' commute modulo I,. If u is a product including e > 13 occurrences
of x and t elements of C, ¢y,¢co,...,¢;, then u can be written as a linear
combination of elements of the form

TCCiCrUIUD * * * Ueyt—4

where uy, g, . .., Uers—4 is Some permutation of x, ..., x,¢1,...,¢1,Cit1,y-- -,
———
e—1
Cj—1,Cj+1, - - -, Ct—3. But then each summand is a product including e — 1 oc-

currences of x and ¢t — 2 elements from C. Now let u then be a product with
13 + [35/3] = 24 occurrences of x and at most 35 elements of A. Using the
above argument repeatedly we see that u can be written as a linear combi-
nation of products each involving 13 z’s and at most 13 elements of C', with
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11 of the elements of C' having the form za;a;a,. One further application of
the above argument shows that u € I5.

So every product including either 24 z’s or 36 elements of A is in [,. By
Proposition 2 we have that every product with 4 - 36 = 144 elements of A
is 0. But by a similar argument as above we also have that every product
including

24 + [143/4] = 59

occurrences of z is 0. Hence I2? = {0} in L, if chark # 2,3,5,7.

Using a computer program, the nilpotent quotient algorithm was applied
for the case when chark = 7 and it was observed that every product with
either 4 elements of A or 7 2’s is in I4. It follows from similar argument as for
the other characteristics that every product with either 16 elements of A or
7+11 =18 a’sisin I3. (At most 11 z’s can be involved in elements of A.,. If
we would have three of the form (zxab)(zc)(xd) and one of the form (xab)(zc)
then all the 15 elements of A would have been used.) Then it follows from
Proposition 3 that every product including 3 - 16 = 48 elements of A or

18 + [47/3] = 33

x’s. Then finally we have form Proposition 2 that every product which
includes either 48 - 4 = 192 elements of A or

33 + [191/4] = 80

2’s is zero. Hence I° = {0} if chark = 7. Applying Proposition 1 we then
have.

Theorem 1 Let L be an Engel-5 Lie algebra with v generators. If chark #
2,3,5,7 then the nilpotency class c is at most 59r. If chark =7 then ¢ < 80r

From Theorem Z1 it follows that there exist some number ny such that
every Engel-5 Lie algebra is nilpotent if the underlying field has characteristic
greater than ng. Applying some representation theory of the symmetric group
one can use the theorem above to get some information about the global
nilpotency. One can find this method in a more general form than is needed
here in the proof of Theorem Z1 ( see [4] for an accessible description).
Unfortunately it would take too much space for us to go into this here. We
therefore only state the corollary.
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Corollary 1 If L is an FEngel-5 Lie algebra over a field k with chark >
195113 or chark = 0 then it is nilpotent of class not more than 975563.
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