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We characterize the varieties in which all soluble groups are
torsion-by-nilpotent as well as the varieties in which all soluble
groups are locally finite-by-nilpotent.

1. Introduction and main results

Let B, be the variety of groups of exponent dividing e and N, the variety
of nilpotent groups of class at most c¢. In addition, we denote by A = N
the variety of abelian groups and by A, = AN B, the variety of elementary
abelian p-groups (where p is a prime). The product of varieties is defined in
the usual sense. In particular, A¢ is the variety of soluble groups of derived
length < d. Two varieties will play an important role in this paper: the
variety A,A, defined by the laws [z, y]? = [[z,y],[2,t]] = 1, and the variety
AA,, defined by the laws [27, y?] = [z, y, 2P] = [[z,y], [z, t]] = 1.



Consider a variety V which does not contain 4,.A, for any prime p. Groves
[3] showed that for any positive integer d, there are integers c, e such that
VNA? C N.B,. Afterwards, by using deep results of Zel'manov, it has been
proved in [2] that ¢ and e may be chosen independent of d.

Similarly, if V is a variety which does not contain A.A, (for any prime p),
Groves [3] showed that for any d, there are integers c, e such that VN A4 C
B.N.. In this case, we show that ¢ may be chosen independent of d, with an
integer e whose the set of prime divisors is independent of d (if II is a set of
primes, we say that a positive integer is a [I-number if each prime divisor of
this integer belongs to IT). We do not know whether e can be chosen totally
independent of d.

Theorem 1.1. Let V be a variety of groups. Then the following assertions
are equivalent:

(i) V does not contain AA, (for any prime p).

(ii) There ezist a finite set 11 of primes and an integer ¢ such that for any
d, we can find a I-number e satisfying V N A¢ C B.N..

(ili) Fach soluble group in 'V is torsion-by-nilpotent.

(iv) In each soluble group in 'V, the elements of finite order form a subgroup.

Now consider a variety ) in which the subclass of locally nilpotent groups
forms a variety. It is easy to see that this property is equivalent to the fol-
lowing one: for each integer n, the nilpotency class of n-generated nilpotent
groups of V is bounded (the bound depending on V and n only). This prop-
erty occurs for example in the solution of the restricted Burnside problem,
due to Zel'manov [8, 9], where the key result can be stated like this: in
the variety of groups of exponent dividing a given prime-power, the locally
nilpotent groups form a variety. It turns out that this property is true as
well for the variety of m-Engel groups, namely the variety defined by the



law [z,y,...,y] = 1, where y occurs m times [7, Theorem 2]. That leads
to a natural question: what are the varieties in which the locally nilpotent
groups form a variety? Our next result characterizes in different ways these

varieties.

Theorem 1.2. Let V be a variety of groups. Then the following assertions
are equivalent:

(i) V contains neither AA, nor A, A (for any prime p).
(ii) Each finitely generated soluble group of V is finite-by-nilpotent.

(iii) There exist a function w, a finite set 11 of primes and an integer ¢ such
that, for any n, each n-generated soluble group G € V 1is an extension
of a finite I1-group of order dividing w(n) by a nilpotent group of class
<ec.

(iv) The subclass of locally nilpotent groups of V forms a variety.
Varieties containing neither AA, nor 4,4 occur already in Groves’ works
[3]. Also note another characteristic property of these varieties: the locally

nilpotent groups of a variety V form a variety if and only if there are constants
c and e such that the class of nilpotent groups of V is included in N.B.NB.N..

[2].
2. Preliminaries

As usual, in a group G, the left-normed commutator [aq, ..., a,] (a; € G)
of weight n is defined inductively by

a1, ... a] = [a1, ..., an_1] a, a1, ..., an_i]an.

We shall denote by 7, (G) (n > 1) the nth term of the lower central series of G.

Recall that this subgroup is generated by the set of left-normed commutators



of weight n. If A and B are subgroups of G, we write [A, B] for the subgroup
generated by the elements of the form [a,b], with a € A, b € B.

Let V be a variety of groups. We denote by F(V) the relatively free
group in V of countably infinite rank, freely generated by S = {u;;|i,j =
0,1,2,...} (for convenience sake, we use a double index to write the elements
of S). It is easy to see that the derived subgroup F(V)' is generated by the
set R of all the left-normed commutators

[:Ei\l,...,xzh] (h>2, x1,...,2, €S, A,..., \p, = *£1).

It follows from [5, 34.21] that v, (F(V)’) is the normal closure of the set of

commutators of the form

[yt (e Y € Ry iy ey g = E1).
Therefore, one can easily verify that v, (F(V)) is generated by the commu-

tators
I:yfll7 A 7y7’!tn7x11/17 A 73:?7‘]7
with y1,...,9n € R, ®1,...,2, € S, and pq, ..., tn,V1,..., 0 = £1.
In the following, we consider a fixed integer m > 0. Denote by S, the
set {u;0|i=0,1,...,m} and by R,, the set of elements of the form

[:Ei\l,...,xzh] (h>2 x1,...;2, €85, \i,..., A = =£1),

such that among the elements x1, ..., z,, at least one belongs to S,,. Let H,
be the subgroup of 7, (F(V)’) generated by the elements of the form

[ylljlla"'7yﬁn7x11/17"' xl’r] (yZERa Z; ESu :u“VZ::l:l)

»rr

such that at least one element of S, occurs in this expression. This means
that at least one of the elements 1, ..., x, belongs to S,,, or at least one of
the elements yi, . .., y, belongs to R,,. It is clear that H, is normal in F'(V).

Moreover, we have:

Lemma 2.1. Let ® : F(V) — F(V) be the endomorphism defined by
P(u; ;) =1 ifu;; € Sy, and O(u; ;) = u, ; otherwise. Then, for any integers

n,n’ > 1, we have:



(i) H, =ker ® N~,(F(V)).

(ii) [v(F(V)),Hy] < Hpgw; in particular, [H,, Hy] < H,in (hence

(Hp)n>1 is a central series of Hy).

Proof. (i). Let K, be the subgroup of 7, (F(V)’) generated by the elements

of the form

[yitla"wyznwrll/la'-- xl/r] (yz ER, T ESu ,uwyl::l:l)

»rr

such that no element of S,, occurs in this expression. Clearly, v, (F(V)) =
H,K,; besides, for any a € H, (resp. b € K,,), we have ®(a) = 1 (resp.
®(b) = b). Let z be an element in ker ® N7, (F(V)"). There exist elements
a € H,,b e K, such that z = ab; it follows

hence z = a € H,. Thus we have shown the inclusion ker ®N~,, (F(V)') < H,.
Since the converse inclusion is clear, (i) is proved.

(ii). This is an easy consequence of (i) and the well-known inclusion

1 (FEV)), 3 (FV))] < A (F(V)').

O

Lemma 2.2. Suppose that for some integers c,e > 1, we have ¥V N A? C
B.N.. Then, for any integer k > 1, we have

k

m e
H[Ui,o, Ui 1, Uj2y - - - ,Ui,kc] € Hiq1.

1=0

Proof. We prove by induction on the integer ¢ (1 < t < k) that the

element )

m e
Wy = H[Uz‘,o, Ui, (k—t)et1s - - - ,Ui,kc]

bt



belongs to Hy, 1 (the conclusion is the case t = k). By assumption, F/(V) /v (F(V))
is in B, N, and so

m e
wy = (H[Uw, Ui, (k—1)c+1y - - - 7ui,kc]>

i=0
lies in 2 (F'(V)'). Besides, if ® is the endomorphism defined in Lemma 2.1,
we have ®(w;) = 1. Hence, by Lemma 2.1(i), w; belongs to H,.

Now suppose that for some ¢ (with 1 < t < k), w;_; belongs to H,;. Let
U : F(V) — F(V) be the endomorphism defined by

\I’(Uz‘,o) = [Uz‘,m Ui, (k—t)e+1s - - - 7ui,(k7t+1)c]

if 0 < i < m (that is, u;0 € S5) and ¥(u;;) = u;; otherwise. We have
wy = ¥(w§_). By the inductive hypothesis, w,_; is a product of elements of

the form

)

751 e V1 vr]1E1
[yl yooy Ut 7x17---7xrr]

where at least one element of S, occurs in this commutator. Therefore,
since H;/H; is abelian, w{ ; can be expressed modulo H;;; as a product

of elements of the form

Y

%51 1t V1 vr]te
[yl 7"'7yt 7'r17"'7x7‘r]

where at least one element of S,, occurs in this commutator. Moreover, by
using Lemma 2.1(i), it is easy to see that W(H, ) < H,, for any positive integer
n. Consequently, in order to prove that w; belongs to Hy.q, it is enough to
prove that

"yt et 2]
belongs to Hy1;. We consider two cases.

Case 1. Suppose that at least one of the elements 1, ..., z,, say z,, belongs
to Sp,. Then ¥(z,) lies in Hy. Since [v(F(V)'), Hi] < Hyy (Lemma 2.1(ii)),
the element

\I/([yiua'--ayt 7x1 a"'axlq/qa--'ax?]e)
= [Wly)™, W)™ W)™ W)™ W) )



belongs to Hyi1.

Case 2. Suppose that none of the elements x4, ..., x, belongs to 5,,. In this
case, there exists an integer ¢ (1 < ¢ <t) such that y, belongs to the set R,,

defined above. This means that y, may be written in the form

Yg = [:Ei\l,...,x;”,...,xzh] (A, .. A, = £1),

where z, = ugo € Sy (0 < d < m).

Since (H,)n>1 is a central series of H; (Lemma 2.1) and since

‘I’(%) = [Ud,o, Ud, (k—t)c+1y - - - ,Ud,(k—t+1)c]

belongs to Hy, it follows from well-known commutator identities (see for
example [6, 5.1.5]) the relations:

Uy,)® = [(ay") ., W), W)
= [U(z)),..., U(z>), ..., U(z*)] modulo Hy.

But as we have seen in the case t = 1, we remark that the element

U (27)¢ = [Ud0, Ud,(b-t)er1s - - - > Udy(h—t1)c]

belongs to Hs, and so does ¥(y,)¢. By using again the commutator identities,

we can write:

Vr

(?/1 R SN /A SN 3¢ ]e)
= (W), ), B(y), i), W]
= [[¥ )a---,‘I’(yffq),---aq’(yft)]e,‘l’(x?),---,‘1’(%7’")]
(W), Wyl (), W), ..., W(xy)] modulo Hyyy.

Since U (yy?)¢ belongs to Hs, by applying Lemma 2.1(ii), we obtain

\I!([yi“a---aygqa“'ay#taqua'--a r] ) th-i-l

as required. a



Lemma 2.3. Suppose that for some integers c,e > 1, we have ¥V N A% C
B.N.. Then, for any integer k > 1, we have V N (NpA) C BorNpe.

Proof. By Lemma 2.2, we have

m e”
H[Uz’,o, Ui 1y Ui 2y - - 7ui,kc] € Hiq
i=0

and so X

<H[Uz‘,0, Ui, 15 Ug2y - - - 7ui,k‘c]> € M (F(V))
i=0
since Hyy is a subgroup of v, 1(F(V)'). But F(V) is freely generated by
S =A{u;;|i,7=0,1,2,...} and 1 (F(V)') is a fully-invariant subgroup of
F(V). Therefore we have in fact

k

(H[Ui,m Vi1, V325« - - 7Ui,kc]> € 1 (F(V))

i=0
for all elements v;; € F(V). Clearly, this implies that F'(V)/ve1(F(V))
belongs to B.x N and so V N (NA) C B Nie. O

The two next propositions are key results in the proof of Theorem 1.1

and may be of independent interest.

Proposition 2.1. Let V be a variety of groups. Suppose there exist integers
c,e > 1 such that V N A2 C B.N,. Then, for any integer d > 2, we have
VN AL C BoNy, with ¢ = elrere+e gnd ¢ = 41,

Proof. It suffices to prove by induction on d that

VNA*C BB, ... B, N, withe, = e

The case d = 2 follows from hypothesis of the proposition. Thus suppose
that the result is true for d — 1 (d > 3) and consider a group G € V N A%
Since the derived subgroup G’ belongs to V N A9"!, we have by induction

8



G € B, ...B., N2, and so G € B, ...B., ;Nu-2A. In other words,
G contains a normal subgroup H € By, ...B., , such that G/H € N.-—A.
Lemma 2.3 yields the inclusion ¥V N N2 A C B, ,N.i-1. Consequently,
the quotient G/H belongs to B,, ,N.i-1. This implies that G belongs to

B, ...B., ,Be, ,N.a-1, as required. a

Proposition 2.1 can be considered as an extension of the well-known fol-

lowing result (see for example [4, 3.30]):

Corollary 2.1. Let V be a variety of groups such that VN.A? C N, for some
integer ¢ > 1. Then, for any integer d > 2, we have V N A¢ C N, with
d=ctt

The bound ¢ = ¢?! obtained here improves slightly the bound given
in [4, 3.30]. Notice that if V is a variety such that each group in ¥V N .A? is
nilpotent, then there exists necessarily an integer ¢ such that VN.A% C N, (we
can take for ¢ the nilpotency class of the relatively free group of countably
infinite rank in V N A?).

The next lemma is a consequence of [1, Theorem 1].

Lemma 2.4. Let G be a nilpotent group of class k generated by a subset
S C G. Lete be an integer such that x¢ =1 for each product x of at most k
elements of S. Then we have x° =1 for all x € G.

Proposition 2.2. Let V be a variety of groups. Then the following two
assertions are equivalent:
(i) V does not contain A?.

(ii) There ezist a finite set I1 of primes and an integer ¢ such that for any
k, we can find a II-number o(k) satisfying V NNy, C By Ne.

Proof. (i)=-(ii). Since V does not contain A%, there exist a finite set of
primes IT and an integer ¢ such that each nilpotent group of V without non-
trivial II-element belongs to N, [2, Corollary 1]. Let k be a positive integer.

9



Denote by T the relatively free group of rank k(¢ + 1) in the variety V NN,
freely generated by {w;;|i =1,... k, j =1,...,c+1}. The set H of II-
elements of I' is obviously a normal subgroup of I' and the nilpotency class

of I'/H is at most c¢. Consequently, the product

[U1,1, ce ,U1,c+1] X+ X [Um, cee 7uk,c+1]

is a Il-element, of order say o(k). In particular, in any group G € V NN,
we have the relation

([xl,l, .. .,1‘176_’_1] X oo X [%,1, o "xk7c+1])a(k) -1

forall z;; e G (i=1,... k,j=1,...,c+ 1}). Since 7.4+1(G) is nilpotent of
class < k and generated by the elements of the form [y, ..., y.11] (v € G),
it follows from Lemma 2.4 that v..1(G)°®) = {1}. Hence G € ByuN., as
desired.

(ii)=(i). Let p be a prime which is not in the set II. Then the nilpotency
class of each nilpotent p-group G € V is at most c. Consider the wreath
product G = (Z/pZ) (Z/p"Z), where n is an integer such that p* — 1 > c.
Clearly, G is a nilpotent p-group (of class say k) which is in 4%; moreover,
we have k > p™ — 1 [7, Result 2.2]. If V contains A?, then G belongs to V
and so k < ¢, a contradiction. Therefore the variety ¥V does not contain .42

and this completes the proof. O

Remark 2.1. In the precedent statement, we cannot hope replace o(k)
by a constant independent of k. Indeed, consider for example the variety
Y = AA , where p is a given prime. Evidently, V does not contain .42
Suppose t\}/lat there are integers c, e such that V NN, C B.N, for all integers
k. Then the wreath product Z{(Z/pZ), which belongs to V', would be in BN,
since it is residually nilpotent. But this group does not contain a non-trivial

normal torsion subgroup and is not nilpotent, a contradiction.

3. Proof of the theorems

10



Proof of Theorem 1.1. (i)=-(ii). By the result of Groves already mentioned
3, Theorem C(ii)], there exist two positive integers ey, ¢; such that VN .42 C
B., N.,. Denote by II; the set of primes dividing e;. By Proposition 2.1,
there are functions 6 and 7 such that each group G € V N A? belongs to
Bo(a)N=(a) (also note that §(d) is a IT;-number). Let H be a normal subgroup
of G satisfying H € Byg) and G/H € Ny(q). Since AA, C A?, the variety V
does not contain A%, Hence, by Proposition 2.2, there exist a finite set I, of
primes and an integer ¢, (depending on V only) such that G/H belongs to
Bo(r(a))Ney; where o(7(d)) is a Il;-number depending on d and V. It follows
that G belongs to By Bo(r(a)Ne,- Now put II = II; UTl,, e = 0(d)o(7(d))
and ¢ = cy. Then e is a II-number and we have V N .A? C B.N,, as required.
(ii)=-(iii) and (iii)=(iv) are clear.

(iv)=(i). Suppose that V contains AA, for some prime p. The restricted
wreath product G = Z 1 (Z/pZ) belongs to AA, and so would be in V. But
(G is a metabelian group in which the elements of finite order do not form a

subgroup. Since that contradicts (iv), the implication is proved. O

To prove Theorem 1.2, we shall use the following result, which is an

immediate consequence of Lemma 2 and Theorem 2 of [2].

Lemma 3.1. LetV be a variety of groups which does not no contain A,A
(for any prime p). Then there is a function p such that, for any positive
integer n, the derived length of every n-generated soluble group of V is at
most p(n).

Proof of Theorem 1.2. (i)=-(ii). Let G be a finitely generated soluble
group of a variety V, where V contains neither 4.4, nor A,A (for any prime
p). Then G is torsion-by-nilpotent by Theorem 1.1. But G is polycyclic since
it is nilpotent-by-finite [2, Theorem 2]. Hence G is finite-by-nilpotent.

(il)=-(iii). Suppose that V is a variety whose finitely generated soluble groups
are finite-by-nilpotent. The wreath products Z (Z/pZ) and (Z/pZ) 1 Z are
finitely generated soluble groups which belong to AA, and A,.A respectively.

11



Since these groups are not finite-by-nilpotent, V' contains neither 4.4, nor
A,A. Now Consider the set II and the integer ¢ given by Theorem 1.1, and
the function p given by Lemma 3.1. If n is a positive integer, denote by I"
the relatively free group of rank n in the variety V N A°?™. By Theorem
1.1, T contains a normal II-subgroup H such that G/H € N.. Moreover, I’
is polycyclic since it is nilpotent-by-finite [2, Theorem 2]. Consequently, H
is a finite II-group, and so I' is an extension of a finite II-group (of order
say w(n)) by a nilpotent group of class < c. Since each n-generated soluble
group G € V belongs to VN AP G is a homomorphic image of ', and the
result follows.

(iii)=-(iv). It suffices to prove that the nilpotency class of every n-generated
nilpotent group G € V is bounded by a function of V and n. Such a group G
is an extension of a finite group of order dividing w(n) by a nilpotent group
of class < ¢. Then, if w(n) = p{*...p%m is the factorization of w(n) into a
product of prime numbers, the nilpotency class of G is clearly bounded by
ctap+ -+ oy

(iv)=(i). If a variety V contains AA, for some prime p, then the restricted
wreath product G = Z 1 (Z/pZ) (which is in AA,) belongs to V. Since
the group G is finitely generated, residually nilpotent but is not nilpotent,
the class of locally nilpotent groups of V is not a variety. We obtain the
same conclusion when V contains A,A, by considering the group (Z/pZ)Z.
Therefore, if the class of locally nilpotent groups of V is a variety, then V
contains neither AA, nor A,A. O
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