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Motivated by three strong structure results on n-Engel groups we
state and prove three analogous results on normal subgroups consist-
ing of right n-Engel elements.

1 Introduction

Let n be a non-negative integer. The n-Engel word [y,, x] is defined recur-
sively by [y,0x] =y and [y,n+1 %] = [[y,n ], z]. Recall that an element @ in a
group G is said to be right n-Engel if [a,, g] = 1 for all ¢ € G and that the
group G is said to be n-Engel if every element a € G is right n-Engel. Clearly
for every element a in the (n + 1)th term of the upper central series, Z,(G),
we have that all the elements in (a)“ are right n-Engel. It is conversely not
true in general that right n-Engel elements need to be in the hyper centre.
Take for example the standard wreath product Cy wr C3°, of the cyclic group
of order 2 with the infinite countable direct product of groups of order 2.
This group is a 3-Engel group with a trivial centre. For a number of classes
of groups we do however have that the right Engel elements belong to the
hyper centre. For example this is true for finite groups [2] and finitely gen-
erated solvable groups [3].

Our work in this paper is motivated by the following three results on the
structure of n-Engel groups.

Structure Theorem 1 (Wilson [10]) Let G be a d-generator residually nilpo-
tent n-Engel group. Then G is nilpotent of (d,n)-bounded class.
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Structure Theorem 2 (Zel'manov [12]) Let G be a torsion free locally
nilpotent n-Engel group. Then G is nilpotent of n-bounded class.

Structure Theorem 3 (Crosby & Traustason [5]) Let G be a locally nilpo-
tent n-Engel group. There exist integers f(n) and c(n) such that G'™ <
Zem)(G).

Notice that the third theorem implies the 2nd as if G is torsion-free then we
have that G/Z.)(G) is torsion-free and thus G nilpotent of class c(n). It
should also be mentioned that the third theorem was preceded by a result of
Burns and Medvedev [4], who proved under the same assumptions that there
exist integers f(n),c(n) such that G is nilpotent of class c(n).

As we said above, the normal subgroup Z,(G) consists of right n-Engel el-
ements. We are interested in the reverse problem. Supposing that H is a
normal subgroup of a group G consisting of right n-Engel elements, we are
interested in conditions that force H to belong to some term of the upper
central series.

Definition. (a) Let H be a subgroup of a group G. Then H is said to
be a right n-Engel subgroup if all the elements of H are right n-Engel ele-
ments of G.

(b) Let H be a subgroup of a group GG. We say that H is residually hy-
percentral if

NZolH i G] = {1}.

We prove the following analogs of the structure theorems above.

Theorem 1 Let G be a d-generator group and let H be a normal right n-
Engel subgroup of G that is residually hypercentral. Then there exists an
integer m = m(d,n), only depending on d and n, such that H < Z,,,(G).

Theorem 2 Let G be a group with a normal right n-Engel group H that is
torsion free and belongs to some term of the upper central series. Then there
exists an integer m = m(n), only depending on n, such that H < Z,,(G).

Theorem 3 Let G be a group with a normal right n-Engel group H that is
residually hypercentral. Then there exist integers c(n), f(n), only depending
on n, such that H'™ < Zem)(G).



Theorem 3 answers question 3.81 in the survey on Engel groups given in [1].
It is not difficult to see that these theorems imply the structure theorems
on Engel groups discussed above and that Theorem 3 implies Theorem 2.
The way the proof works is however that we use Theorems 1 and 2 to prove
Theorem 3. We also remark that a weaker version of Theorem 1 is due to
Shalev [9] where the extra assumption is made that G is nilpotent. His result
is stated without proof and as far as we know it is not to be found in the
literature.

Our main tools are two well known deep results of Zel’'manov on Lie rings
[11,13,14]. We use the standard left normed convention for Lie products.
Thus ajas - apy1 = (a1 ap) - Gpy1. An element a in a Lie ring L is right
n-Engel if az™ = 0 for all x € L and L is n-Engel if all a € L are right
n-Engel. The theorems that we will use are.

Theorem Z 1 Let L = (z1,...,24) be a d-generator Lie ring and let n,m
be positive integers such that the following two properties hold:

(1) ZJESn UWVo(1) - VUo(n) = 0 for all u,vy,... v, € L;
(2) wv™ =0 for all uw € L and all Lie products v in the generators.

Then L is nilpotent of (d,n, m)-bounded class.

Theorem Z 2 Let L be a torsion free n-Engel Lie ring. Then L is nilpotent
of n-bounded class.

2 Proof of Theorem 1

Let G = (f1, f2, .., f4) be any d-generator group and let H be a normal right
n-Engel subgroup that is residually hypercentral. We will apply Theorem Z1
and for this we will associate to the pair (H,G) a certain Lie ring L. We
start by looking at the chains (H;)°, and (G;)72, where the latter is the
lower central series, G; = 7;(G), and where H; = [H,; G], defined recursively
by [H,Q G] = H and [H7i+1 G] = [[Haz G], G]

Let A; = H;/H;y1 and L; = G;/G;11. We use these to form the abelian
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We consider A as an abelian Lie ring and L¢ is the usual associated Lie ring
of G. Thus if v = aG;41 € L; and y = bG 41 € L; then their Lie product is
xy = [a,b]Giyj+1 € Lij. This product is then extended linearly onto L.

There is a natural action from Lg on A that is defined as follows. Firstly if
uw=nhH;;; € A; and x = aGj41 € L; then we let ux = [h,a|H;yj+1 € Aiyy.
Using the three subgroup lemma one can easily show by induction that
[H;,Gj] < H;;; and standard commutator arguments show that this im-
plies that uz is well defined. We then extend this linearly to get an action
from Lg on A. As A is abelian, we have for all a,b € A and x € L that
abr = 0 = (az)b + a(br) and thus the right multiplication by z is a deriva-
tion. Also straightforward calculations show that if a € A and z,y € Lg
then a(xy) = axy — ayx. This action from Lg on A thus gives rise to a
semidirect product M = A x Lg and also L = A x Lg/CL.(A). The aim
is to show that ALY = {0} for some (d,n)-bounded integer m. This would
imply that A,, = AoL* = 0 and thus that H,, = H,,+1. As H is residually
hypercentral it would then follow that H,, = [H,, G| = {1}. So it remains
to show that in M we have ALZ = {0} = 0 or equivalently that in L we have
A(L¢/CrL.(A))™ = 0 for some (d,n)-bounded integer m. We want to apply
Theorem Z1 and so we first check that the two conditions there hold for L.
We first turn to the first condition.

We need to introduce some notation. For any positive integer m we let
Cn =A11,2,...,m}, P(Cy,) be the powerset of C,,, and

R ={(S,T) € P(Cy,) x P(Cp): SUT ={1,...,m} and SNT = 0}.

We will use the following well known formula that holds in any Lie ring and
is easily proved by induction.

blyuy - - Up,) = Z (—1)Tbtpyus
(S,T)ERm

Where, ifS:{il,...,’ir}, <ty <... <1, and T = {jl,...,jk},jl <j2 <
... < Jk, then buryug = buj,u;, , - - u;,yu;, ---u;,. For o € S, we also use
(buryug)? for

DUo () Uo (1) *** Uo(j1)YUoin) " * Uo(iy)-



We will furthermore use the following useful notation If u,vq,...,v,, are
elements in a Lie algebra then

u{vy, ..., om} = Z UVg(1) ** * Vo(m) -

gESm

Lemma 1 Let a = hHZ'Jrl € Al',.’lf = ng+1 € Lj and €T; = ngﬁ(z)—l—l € Lﬁ(z)
fori=1,...,3n—2. Then

(a) a{zy,...,z,} =0;
(b) SL’{.Tl, e ,.I‘Qn,l} € CLG(A);
(c) x{a,xq,..., 23,2} = 0.

Proof. As h is a right n-Engel element we have [h,,y] = 1 for all y € G.
Take arbitrary elements y1, s, ..., y, € G we have that [h,, y192 - y,] = 1.
Expanding this commutator and using Hall’s collection process we see that

H [ha Yo(1)s - - - ayo(n)] =u
0ESn
where v is a product of commutators of weight higher than (1,...,1) in
h,vy1,...,y,. In particular it follows that
H 7y 9o1)s -5 Gom)] € Higp)++B(n)+1-
oESy
Hence we get in M that
Z axa(l) e SL’J(n) =0
o€Sn
which proves (a).

We now move to (b). It suffices to show that a(x{z;---x9,_1}) = 0. Using
the extension formula above this is equal to

Z (—1)7 Z (axrxrs)’.
(SvT)GRQn—l g€Son—1

As for each pair (S, T) we either have |S| > n or |T'| > n it now follows from
(a) that this sum is equal to 0. This proves (b).



For (c) notice that

3n—2
wv{a,r1,...,T3p 2} = Z Z TLo(1) " " Lo(r)ALo(r+1) * * * Lo(3n—2)

r=0 0c€S3n—2

and as either r > 2n — 1 or 3n — 2 — r > n it follows from (a) and (b) that
the sum is trivial. O

As A is abelian every product in L with two occurrences of an element from
A is trivial. It follows thus from Lemma 1 and multilinearity that L satisfies
the identity

Z UVg(1) ** * Vg(3n—1) = 0. (1)

We next take a fixed element h € H and the generators fi, ..., f; of G. Con-
sider the elements b = h[H,G| € Ay and y; = f1[G,G],...,ya = f4|G,G] €
Ly. Notice that yy,...,ys generate Ls. We consider the subalgebra N of
L generated by b and y; + CL,(A),...,ys + Cr.(A). Now N satisfies the
linearised Engel identity (1) and in order to apply Theorem Z1 we will show
that for any Lie product v in the generators b, y; +Cr,(A4),...,ya+CrL.(A),
we have that

w1t =0 (2)

for all u € N. It follows then from Theorem Z1 that N is nilpotent of
(d,n)-bounded class m. In particular we can conclude that

brizo -+ Xy =0

for all z1,...,2, € Lg/CL.(A) and as b € Ay is arbitrary it follows that
A, = Ao(Lg/CL,(A))™ = 0. Hence [H,,,G] = [H,mt1 G| and as H is
residually hypercentral, it then follows that [H,,, G] = 1. To finish the proof
of Theorem 1, it thus suffices to show that equation (2) holds in N. In fact
we prove something stronger, namely that (2) holds for all uw € L. As A is an
abelian ideal of L it is clear that this holds if v has more than 1 occurrence of
b. Now suppose that v has exactly one occurrence of b. Then uv™ = 0 when
n > 2 again for the reason that A is abelian. So in this case we can assume
that n = 1. But then H < Z(G) and thus AL = {0} which implies that
uv € LA ={0}. So we can assume that v is a Lie product in the generators



1 +Crg(A4), -+, ya+Cr,(A). Then v =w+Cp,(A) where w € L; for some
J > 1,say w = gGj;;. We first prove that

av” =0 (3)

for all a € A. By linearity we can suppose that a € A; for some ¢ > 0, say
a =kH; 1. Since k € H; is a right n-Engel element we have

av” = aqw™ = [k’,n Q]Hi+nj+1 = 1Hi+nj+1 = 0.

It now only remains to show that zv*"~! = 0 for all z € Lg/C.(A) or
equivalently that zw?*~! ¢ Crea) forall z € Lg. But

2n—1 - r 2n—1 ro.2n—1—r
a(lzw™ ™) = Z(—l) aw” zw

r
r=0

and for each r we have that either » > n or 2n — 1 — r > n. Thus it follows
from (3) that a(zw?"~!) = 0 for all @ € A. This finishes the proof of Theorem
1.

3 Proof of Theorem 2

Let G be a group with a torsion-free normal right n-Engel subgroup H that
is contained in the [th term of the upper central series of G. We want to
apply Theorem Z2 and in order to do this we will associate to the pair (H, G)
a certain torsion-free Lie ring. We need then to modify the construction that
we used in section 2 and replace the terms [H,; G] and ;(G) by their isolators.

Definition. Let K be a subgroup of a group F' the isolator of K in F
is VK = {t € F: there exists a positive integer r such that t" € K}.

It is well known that if F is nilpotent then {/K is a subgroup of F and
it is easy to see that this implies more generally that if N < F' with F/N
nilpotent and N < K < F, then {/K is a subgroup of F. Let us consider
the two series (H;)2, and (G;)2, where H; = {/[H,;G] and G; = ¢/7;. By
what we have just said above, all these are subgroups of GG. For the Lie ring
construction we need the following lemma.

Lemma 2 For all integers i > 0 and j > 1, we have [H;, G;] < H;;.



Proof Let h € H; and g € G, and consider a = hH;;;,b = gH;;; in
G/H,;;. It suffices to show that R = (a,b) is abelian. Let S = (a)”. Let r
be a positive integer such that h” € [H,; G] and ¢" € v;(G). Then [h", ¢"] €
[H,; G],7;(G)] < Hy\; and thus [a",b"] = 1. It follows that [a,b]”" € [S,2 R]
and thus [S, R]” < [S,, R]. Inductively it follows that [S,, R]” < [S,ks1 R].
As [S,; R] = 1 we can conclude that

2(1—1)

[57 R]r = {1}

As R is torsion-free it follows that [S, R] = 1 and thus [a,b] = 1. O

As in Section 2, we let A, = H;/H,; 4, for ¢ > 0, and L; = G;/G,41, for
j > 1. We then form the abelian groups

A:Ao@Al@-~-7 LG:LIEB[Q@

We consider A as an abelian Lie ring and L as the usual associated Lie
ring of G with respect to the series (G;)32, (using the well known fact that
|G, G;] < Giyj). Because of Lemma 2 we get semidirect products M =
Ax Lgand L =Ax Lg/Cr,(A). Notice that in the proof of Lemma 1, the
fact that G was finitely generated was never used. Lemma 1 therefore also
holds in the present setting and we get therefore as before that L satisfies
the linearised n-Engel identity

Z uva(l)vo(g) s -’Uo(n) =0.

oESy
In this setting L is however a torsion-free Lie ring and thus the linearised
n-Engel identity is equivalent to the n-Engel identity. By Theorem Z2 it
then follows that L is nilpotent of n-bounded class m. Hence, we have in
particular that A,, = A(Lg/Cr.(A)™ = 0 or Y/[H,mG] = N/ [Hms1 G
As [H; G] = 1 it follows that {/[H,, G] = %/{1}. As H is torsion-free we
that ¥/1 = {1}. It follows then that [H,,, G] = 1. This finishes the proof of
Theorem 2.

4 Proof of Theorem 3

In this section we will use Theorem 1 and Theorem 2 to prove Theorem 3.
It will be easily derived from the following Lemma.



Lemma 3 Let G be a group with a normal right n-Engel subgroup H that
is residually hypercentral. Then there exists a positive integer | = l(n) and a
non-negative integer k = k(n) such that

[hugla"'7gk]l: 1
forall h € H and all g1,...,91x € G.

Proof Let m = m(n) be as in Theorem 2. Consider the largest group
F = {(y,z1,...,2,), subject to (y)¥ consisting of right n-Engel elements of
F. Let K = N,[{(y)*,; F]. By Theorem 1, there is an n-bounded integer
r such that [(y)¥',, F] < K. In particular, (y)"K/K is nilpotent and so
the torsion elements in ()" K/K form a normal subgroup, say 7'/K. Then
(y)'T/T is a torsion-free subgroup of F/T. This allows us to use Theorem
2 to conclude that [(y)¥',,, F] < T and thus there is some positive integer
[ =I(n) such that
[y, 21, ..., 2m) € K.

Consider a homomorphism ¢ from F' to G that maps y to h and z; to g;.
Then [h7 g1, .- agm]l = gb([{yaxla ce 7$m]l) € gb(K) S ﬂ;.il[Hn G] = {1} This
finishes the proof. O

We will now derive Theorem 3 from Lemma 3. Assume that H and G are like
in the assumptions of Lemma 3 and let k = k(n),[(n) be as in Lemma 3. Let
h € H andlet g1,...,9x € G. Then let E = (h,g1,...,gx) and K = (h)C.
By Theorem 1 we have that K < Z.(FE) for some n-bounded number c. We
show by reverse induction on r € {0,1,...,c—k} that b € Zy . (E). As
h € Z.(F) this is clearly true for r = ¢ — k. Now suppose that 0 <r <c—k
and that the result holds for larger values of r € {1,...,¢—k}. By induction
hypothesis we then have that 2" € Zy,1(E). But then we have for
any ej,...,ex, € F that

W e en] = R e en]
= [hlc_k_r_l, €1y, €k+r]l
which is 1 by Lemma 3. This shows that h'""" € Z,_,(E) that finishes the

induction step. Thus the claim holds and in particular for r = 0 we get that

lc—k

[h 7917"'agk]:1'

As h € H and gy, ..., gr € G were arbitrary, this finishes the proof of Theo-
rem 3.
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5 Right 2-Engel subgroups

In this section we consider the simplest non-trivial case of right 2-Engel
subgroups. First we determine the integers f(2) and ¢(2) of Theorem 3. Let
G be any group with a normal subgroup right 2-Engel subgroup H. In [6,7]
(see also [8] Theorem 7.13), it is shown that [h,z,y,2]*> = 1 for all right
2-Engel elements 4 in G and all 7, y, z € G and that (h)® is an abelian right
2-Engel subgroup. Hence

(%, z,y, 2] =1

for all h € H and all z,y,2 € G. We show that this is the best result one
can obtain and that f(2) = 2 and ¢(2) = 3. First we give an example that
shows that the value of ¢(2) cannot be smaller than 3.

Example 1. Let M be the multiplicative group generated by the real ma-
trices X and Y, where,

0 -1 -2 -2 00 -1 0
12 2 2 00 0 -1

X = o 0 2 1|’ Y= 10 2 0]
0 0 -1 0 01 0 2

and let N = R* considered as a group with respect to addition. Consider the
semidirect product G = N x M, where M acts on N by matrix multiplication.
Let v = (vq,v9,v3,v4) € N and w = vy + vg + v3 + v3. Then,

v, X,Y] = (w,—w,—w,w) = —[v,Y, X].

Direct calculations show also that [v, X, X] = [v,Y,Y] = 0. Hence N is a
right 2-Engel subgroup of G. However if v is chosen such that w # 0 then
[nv, X, Y] # 0 and thus nv € Z5(G) for any integer n > 0.

Example 2. Consider the standard wreath product of the cyclic group
of order 2 with the countable infinite direct product of groups of order 2,
G = CowrC3° = [ ecee €3 ¥ C5°. Let A =[] .00 CF be the base group
and M = C3° be the group acting on it. For each g,h € A and x € M, we

have

(—14x)2 1—2z+22 -1

l9. ha, ha] = [g,2,2] = g =g
This shows that A is a right 2-FEngel subgroup of G. However, if we let e; € M

be the element with (—1) in coordinate ¢ but 1 in all the other coordinates
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and we consider (—1)! € A then [(—=1)',e1,es,...,e,] # 1 for all positive
integers n. Hence A is not contained in the hypercentre of G.

Having sorted out the integers ¢(2) and f(2) in Theorem 3, we determine
the integer m(d, 2) in Theorem 1. Of course m(1,n) =1 for all n > 1. We
have already mentioned above that if a is a right 2-Engel element of G then
the (a)“ is abelian. As [a,u,u] = 1 and [a, u,v] = [a,v,u] ! for all u,v € G,
it follows that if G = (g1,. .., ga) then any commutator [a, g;, ..., g, ,] = 1.
So a € Zy11(G). The following example shows that m(d,2) = d + 1 when
d>2.

Example 3. Let d > 2. Let F' be the free associative algebra over GF(2)
with unity generated by x1,29,...,x4. Let I be the ideal generated by all
monomials of multiweight (w1, ws, ws, ..., wy) in x4, ..., x4 where either one
of wq, wy is at least three or one of ws, wy, ..., wy is greater than one. Let J
be the ideal generated by all elements of the form

Lyl jliy vt Lip — Tilj T,y " Tiggy

with r > 2,4, 7,41,...,3, > 1 and ¢ € S,.. Consider the ring R = F/(I + J).
Let y; = z; + (I + J). Notice that any y,y;v;, - - - v;, is symmetric in the last
r factors. Let R(w, w,,.. v, be the subspace generated by all monomials of

multiweight (wy, ws, ... wq) in y1,¥2, .. .,Yyqs. Then
R= Y Ruw
(wl,...,wd)ENd

where Ry, w,) = {0} whenever either one of wy,ws is greater than 2 or
one of ws, ..., wy is greater than one. Let S be the ideal generated by all
monomials of multiweight greater than (0,...,0). Then £ =1+ S is a finite
2-group with respect to multiplication. We can consider S as a Lie ring with
respect to the bracket product (s, s2) = s189 — $281 = 5152 + S251. We use
the well known fact that if s, s, are multihomogenous elements in R, ... a,)
and Rg, .. g, respectively then [1 + 51,1+ s3] = 1 4 (s1,52) + ¢ where ¢ is
a sum of monomials of higher multiweight than (a; + 51,...,aq + Gq). Let
bi = 1 4+ y; and let G be the subgroup of E generated by by,...,b;. We
consider the element a = [by, bs] = 1 4+ u. Then calculations give that

w=(y1,y2) + (Uiy2 + y1v2y1) + (Y3y1 + v2v1v2) + (1Y5Y1 + 1y2y192).-
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Notice that as we have quotiented out by the ideal J we have for all s1,s5 € S

u(s189 + $281) = 2us189 =0 (4)

s1sou = 2s152(y1y2 + yiye + viys + yiys) = 0.

We show next that a is a right 2-Engel element in G. Notice first that as we
have quotiented out by the ideal I we have

[a,bl-l,...,bir]:1+(u,yi1,...,yir) (5)
as any monomial in S of weight higher than (1,1,...,1) in w,y;,, ..., ¥, is
zero. For the same reason we have that (5) is trivial if there is a repetition
among v;,, - - ., Y. Using the equations (4) we see that

(Wi 0i) = u [ [ o, + D wiu ] J v
=1 =1 ktj
This last expression is symmetrical in y;,, ..., y;,. Forasubset I = {j1,...,Js}

of {1,...;r} and b = 1 +v € (a), we will use the notation (v,y;) for

(v, i » - - > Yi;, ). And similarly [b, b;] for the commutator expression [b, b;; , . ..

Now take any g = b;, -- - b;. € G. From the discussion above we see that

[a.9.9] = IT  labr0)]

OALIC(L,...r}

_ H 1+ (w,yr,9)
OATIC{1,...r)

1)

@ > (wyn )
OAT,IC{L,...r}

Now (u,yr,y;) =0if INJ # 0. As (u,yr,ys) = (u,ys,yr), the remain-
ing terms come in pairs. Since the characteristic of R is 2, it follows that
[a,g,9] = 1. Thus a is a right 2-Engel element in G and thus H = {(a)¢ is a
right 2-Engel subgroup. However

[a’u b17b27b37 .. -7bd] =1 + (y17y27y17y27y37 cee 7yd) # L.

The reason why this commutator is non-trivial is that (for example) after
expansion the coefficient of the basis element y?y3ys...y4 is 1. Thus H is
not in Z,(G).

iy, ]
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