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Abstract

We study the stability group of subspace series of infinite dimensional
vector spaces. In [1], the authors proved that when the vector space
has countable dimension then the Hirsch-Plotkin radical of the sta-
bility group coincides with the set of all space automorphisms that
fix a finite subseries and they conjectured that this would hold in all
dimensions. We give a counter example of dimension 2%. We how-
ever show that in general the result remains true if the Hirsch-Plotkin
radical is replaced by the Fitting group, the product of all the normal
nilpotent subgroups of the stability group. We also show that the
Hirsch-Plotkin radical has a certain strong local nilpotence property.

0 Introduction

We start with a precise definition, taken from [1], of what we will mean gen-
erally by series of subspaces in a given vector space V.

Definition. Let V be a vector space over a field F. A set L, consisting
of subspaces of V', is said to be a seriesin V if

(1) Both 0 and V' belong to L.
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(2) The set L is linearly ordered with respect to inclusion.
(3) For every F C L both (\{W: W e F} and |J{W : W € F} arein L.

The definition thus follows the Kurosh notion of a series rather than the
version of P. Hall (see for example pages 9-10 in [6] for a discussion of these).
For our purposes it doesn’t really matter which definition one uses and the
main results of the paper are true for both versions.

A subseries of L is any subset of £ which is a series. In particular every
finite subset of £ containing 0 and V' is a subseries.

Definition. Let £ be a series in a vector space V. A jump of L is an
ordered pair (B,T) of elements B,T € L such that B < T and there is no
Ue/L where B<U<T.

Now let 0 # v € V and let
T=(UeL:veU}, B=\J{UecL:vgU}

Notice that (B,T) is a jump and v € T'\ B. Now let J be the collection of
all the jumps of L. It follows from the discussion above that

vio= |J T\B

(B, T eJ

where the union is a disjoint union.

Definition. Let £ be a series in a vector space V. We say that an ele-
ment g € GL(V) stabilises £ if T(g — 1) < B for all jumps (B, T) of L.

To a given series £, there are certain associated subgroups of GL(V') that
will play a role later on. We let S(L£) be the subgroup consisting of all the
elements in GL(V') that stabilise £. We let HP (L) be the Hirsch-Plotkin rad-
ical of S(L£) and Fit(L£) be the Fitting subgroup of S(L£), that is the product
of all the normal nilpotent subgroups of S(L£). Finally we let F/(L£) be the
normal subgroup of S(L) consisting of the elements that stabilise some finite
subseries of L.

It is well known, and not difficult to see, that any subgroup G of the group of
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linear automorphisms GL(V') that stabilises a finite series is nilpotent. Here
the elements of G act unipotently on V| that is (¢—1) is a nilpotent linear op-
erator for all g € GG. For finite dimensional vector spaces the converse is true
(see for example 8.1.10 in [5]) and thus any subgroup of GL(V'), consisting
of elements that act unipotently on V', stabilises a finite series of subspaces.
The situation is very different for infinite dimensional vector spaces and is
studied in [1]. To start with it is easy to come up with examples of nilpotent
subgroups of GL(V'), where V' has countably infinite dimension, that stabilise
some series of V' but stabilise no finite series of subpaces.

Example. Let V be a vector space with basis v;, i € Z and let V; = (v; :
Jj <i). Let
L={V,:ie€Z}u{0,V}.

The linear automorphism g that maps v; to v; + v;_; for i € Z is in S(L)
but as it is not unipotent, it can’t stabilise any finite series in V. Thus we
have a cyclic subgroup, (g), of a series stabiliser that stabilises no finite series.

Remark. In [1] the authors however show that all the elements of HP(L) are
unipotent and thus stabilise a finite subseries. The proof of this is quite tricky
and delicate. Using this result and a classic result of Gruenberg [3], that tells
us that any finitely generated Engel group is nilpotent, it is not difficult to
obtain the following generalisation: if H is a finitely generated subgroup of
HP(L), then there exists a positive integer m such that [V, H] = 0. In
particular H stabilises the finite series S = {[V,x H] : 0 < k < m}. We will
do this in Section 2.

In [1] there is also an example given of a group acting unipotently on a
vector space that doesn’t stabilise any series of subspaces. Let G be a Tarski
p-group and let F be any field of characteristic p. Then G acts unipotently
on FG. It cannot however stabilise a series in V. To see this one argues by
contradiction and assumes that G stabilises some series in V. According to
a result of [4], G itself then has a series with abelian factors. This is however
clearly not the case.

In fact the structure of the group S(£) is in general not much restricted
and the authors of [1] demonstrate that every countable free group faithfully
stabilises an ascending series in a suitable vector space.
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In view of the remark above however, HP(L) has a restricted structure as we
have mentioned that its elements act unipotently on V. As a result of their
study, the authors of [1] came up with the conjecture that F'(£) = HP(L)
in general. They proved this conjecture for any vector space of countable
dimension as well as for few other special situations. Quite surprisingly, it
turns out that the conjecture is however not true in general and in Section 2
we show that there exists a vector space V of dimension 2% with a series £
such that F'(£) < HP(L). We will however show in Section 1 that in general
the weaker equality F'(L£) = Fit(£) holds.

1 A characterisation of elements that stabilise
a finite subseries

We start this section by introducing an associated ‘quotient series’ to a given
pair(L,U), where L is a series of a vector space V and U € L. There is a
natural associated series of subspaces in V/U, namely

L/U={W+U/U: W €L}

There is a another associated series that can be defined with respect to any
element U of L. This is the series

LAU:{WeL:W<U}

that is a series in U. We will need both these terms later on.

It is clear that if g stabilises a finite subseries of £ then (g)°*) is nilpo-
tent. We will now see that the converse holds. In other words we will show
that F(£) = Fit(£). Let E = S(£) and let g be an element in E where (g)¥
is nilpotent. We will argue by contradiction and and assume that g stabilises
no finite subseries and show that (g)¥ is not nilpotent. Notice that if U € £
then S(L/U) = E/N where N is the normal subgroup consisting of all the
elements h in E where V(h—1) < U. If (gN)E/V is not nilpotent then clearly
the same is true for (g)¥. Also if S is some subseries of £ that is stabilised
by g, then S(S) <E and again we have that non-nilpotence of (g)*(®) implies
non-nilpotence of (g)¥. In view of this we will first reduce our problem to a
specific series where we can more easily obtain a contradiction. We need the
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following lemma whose proof is derived from arguments uses in the proofs of
Theorem 3.9 and Theorem 3.10 from [1].

Lemma 1.1 Let L be a series in a vector space V' # 0 and let g € HP(L).
Then there exists V # W € L such that [V,g] < W.

Proof We argue by contradiction and suppose that there is no such W € L.
This is saying that there is no jump of the form (W,V). As g € S(L) this
implies that

viu= |J ww

U<W<V

for all U € L such that U < V. In particular, taking U = W, = 0, we see
that there is Wy < Wi < W such that [V, g] # 0. Repeating this argument
we get Wy < Wy < V such that [Ws, g] £ Wi and continuing in this manner
we get a strictly ascending sequence of subspaces

O:WO<W1<W2<...,

in £ such that [W;, 1, g] £ W, for i > 0. Notice that this implies that g does
not stabilise any subseries of £ N W,, of length less than or equal to n. The
same argument works for the series £/U for any U € L such that U < V.
We can thus come of with a strictly ascending chain of subspaces

0=Uy< U <...,

in £ such that g stabilises no subseries of £ N U, /U, _; that is of length less
than or equal to n. Let M be a complement to | J, U;. Let A; be a complement
to U;_1 in U; for i > 1 and for each i fix an isomorphism o; : U;/U;_y — A;.
These isomorphisms can be used to define an action of g on each A;. More-
over we can use the isomorphism o; to transfer the series £ N U;/U;_; into
an equivalent series S; in A;. As g € HP(L) we know from the introduction
that ¢ acts unipotently on V. Suppose (¢ —1)* = 0. By Lemma 3.8 from [1],
there exists for each i > k +2, a h; € S(S;) such that (gg — 1)[(=2/kI=1 o£ @
on A;. We define an automorphism k. on V =M & @, A; by setting h = 1
on M &, »Ai and h = h; on A; when i > k + 2. Now for each positive
integer m there is an 7 such that (gg" — 1)™ acts non-trivially on A4;. Hence
it follows that gg" does not act unipotently on V. But this contradicts the
fact that all elements in HP(L£) act unipotently on V. O
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For an element g € Fit (£) we say that ¢ has unipotence degree n if [v,, g] = 0
for all v € V. Suppose that we have an element g € Fit (£) that does not
stabilise any finite subseries of £ and pick g, V and £ such that the unipo-
tence degree n of g is the smallest possible. Notice that n > 2.

We let Vp =V and let
Vi=(WUecL: [Vo,g <U}

By Lemma 1.1 we know that Vi < V5. As g stabilises no finite subseries,
we also have that V; > 0. Let g; be the restriction of g on V;. Then it is
not difficult to see that g; is in HP(L N V}) and clearly ¢g; cannot stabilise
any finite subseries of £ N Vi. We can thus apply Lemma 1.1 again. In this
manner we obtain recursively a strictly descending sequence of subspaces
such that

WHZH{UEE: [Vi,g] < U}.

V,, and consider the subseries

Let U = ,en
{V;JU : i e N} U {0}

of L/U. If S(L/U) = E/N, then gN stabilises the new series.

Theorem 1.2 Let L be any series. We then have that F(L) = Fit(L).

Proof In view of what we said at the beginning of this section, we can
assume without loss of generality that

L=1{V;:ieNlu{o}

where Vj > Vi > ... and ;.4 Vi = 0. Notice that we can’t have [V;,,_1 g] = 0
for any ¢ € N since otherwise, by our choice of n, there would be a finite
subseries in V; of {V; : 7 > i} U{0} that is stabilised by g but this is not the
case. We now construct a sequence of elements vy, v, ... and a descending
chain V = Ag > A; > Ay > ..., with Ay, As, ... € L, recursively such that

[Visn—2 9] € Agi—1 \ Agi, [Viyn—19] € A \ Asit1

for i =1,2,.... To start with we let v; € V such that [v1,, 1 g] # 0. Let

Al = ﬂ{‘/’l € L . [vl,n—Z g] S ‘/;}
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and then
Ay = ﬂ{Vz €L: [vimg € Vil

Next pick ve € Ay where [vg,,_1 g] # 0 and repeat the process by letting

Asg = ﬂ{‘/; €L [van-2g] €V;}
and then
Ay = ﬂ{Vz €L: [van-19] € Vil

Continuing like this gives us the sequences of elements and subspaces we
wanted.

Pick now an integer £k = 1 + 2 where m is arbitrarily large. Let
W=WoeoW,@---d W,

be a complement to Ag,q such that A, = W, @& --- ® W, & Ar1. We pick
a basis (; for W; such that [v;,, 29| € a1 and [vi,,19] € B We let
z : V. — V be the endomorphism that maps Ay to 0 and all the basis
elements in Gy U...U [ also to 0 apart from

[Uian—l Q]Z = [Uz‘+1,n—2 9]

fori =1,..., k. Notice that V;z < V;;; for all j € N and thus ¢ = ¢(m) =
1+ z stabilises £. Let x = g — 1 and let

W= <[Uim*2 g], [Uimfl g] ce=1,2,.. >

Notice that W is z and x invariant and that the restrictions of z and = to W
satisfy 22 = 22 = 0 (we will be using the same notation for these as we will
be from now on working in W only). Let ¢, = [¢,, g]. To finish the proof of
the theorem we first prove a lemma.

Lemma 1.3 We have
l‘gb;ll‘ = _:L‘Qer
and
TPpri1X = TP TOX

for all r.
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Proof Notice first that
voglr = 2(1 — 2)x = —2z0 = —2(1 + 2)v = —2Po7
For r > 0 we then have

x¢7’+1x = :U[(b,,,g]x
= 2¢, (1 —z)¢r(1 + z)x
= —x¢, whu
= —z(1—2)¢, ' (1 +2)px
= —x[g, ¢, )x

-1
—TP, L.

This proves the first claim. We use this to prove the second claim. We saw
from the calculations above that

rh, 11 = —x¢; ‘TdT

and by the first claim this is equal to x¢,x¢,z. O

We can now finish the proof of Theorem 1.2. It follows from the previous
lemma by induction that

ro,x = (2¢0)* v = (z(1+2))* v = (v2)* @
for all r. Now
(0102 9)(22)*" 2 = [V112m -1 9] # 0.
This shows that
0 # 2¢pmr = z[P,m gz
and hence [¢,,, g] # 1. For a given k = 1 + 2™ we can thus find ¢(m) € E
such that (g, g?™) is nilpotent of class at least m — 1. Thus

61 g90) )

(99", g

is not nilpotent that gives the contradiction that (g)¥ is not nilpotent. This
finishes the proof of Theorem 1.1. O
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2 Counterexamples for spaces of uncountable
dimension

When V is a vector space of countable dimension the authors in [1] proved the
stronger result that F(£) = HP(L). They then made the conjecture that this
result holds for all vector spaces. In this section we give a general example
that shows that the conjecture does not hold in any vector space of dimension
greater than or equal to 2%. Let F be any field. Let U = ;- Fu; be a
direct sum of countably many 1-dimensional vector spaces over F' and let
W = [[;2, Fw; be a cartesian sum of countably many 1-dimensional vector
spaces over F'. Then let
V=UoW.

Remark. The dimension of V' is the cardinality of W (for a proof see Lemma
1 of [2]). In particular if F is one of the prime fields Z, or Q then the di-
mension of V is 2%,

Now let Vi, = @;2, F'u; + [[}2, Fw;. We consider then the series
L=1{V:ieN}u{o}

Let R be the subring of End(V') consisting of those endomorphisms that map
V; into V4, for all i € N. Then G = 1 + R is the stabiliser of L.

Let x : V — V be the endomorphism that maps u; to w;y; for © € N
and maps W to zero. Notice that ¢ = 1+ z is in G and that ¢ stabilises no
finite subseries of £. It remains to see that g € HP(G). The following lemma
will be a key result in establishing this.

Lemma 2.1 Lety € R. There exists a positive integer m such that
wjy e W
for all j > m.

Proof We argue by contradiction and suppose that there is no such bound
m. Pick some element wy, such that wg,y & W, say

| mi
Wiy Y = Qg Wk 41+ -0 Qe Uky oy + Wh
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where o;!, - # 0 and wy € W N Vg, 1. Now pick ky > ki + my such that
Wi, Y ¢ W7 say

WY = Oé;igﬂukgﬂ + - Oékm;LmQUszrmg + wo

where ;% # 0 and wy € W N Vi, 1. Continuing in this manner we get a
strictly ascending sequence of positive integers

By <ki+mp <ky<kot+me<...<kj<kj+m;<...
and a sequence of elements wy, wy, ... with w; € W N Vi +1 and where
WY = oz,lgjﬂukjﬂ +...+ agﬂrmjukﬁmj + w;,
with O‘:;J}mj # 0. Now let u € U and w € W be such that
(W, + Wpy + -+ )y = u+ w.

Suppose that w € F'uy +- - -+ Fug; 1m; 1. By our construction above we must

have that, modulo @fikﬁmﬁl Fu;,

Oé]ilJrlulirl o Uk T Oz;iﬁlukjﬂ e &Z;ﬂrmjukﬁmg = u.
But this is absurd as agimj #0. O
Corollary 2.2 Let y € R. There exists a positive integer m (such that
wy € W
for allw e WNV,.

Proof Let m be as in Lemma 2.1. We argue by contradiction and suppose
that we have (for some a; € F', j =m,...)

(amwm + Q1 W1 + - )y =u+w

for some v € U and w € W where u # 0. Let & > m be a large enough
positive integer such that u ¢ Vj. Calculating modulo V}, we get

(amwm + -+ QW1 T+ Vk)y =u+w+ Vk
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where u € W + Vi, It follows that (a,wy, + -+ + ap_qwi_1)y ¢ W that
contradicts Lemma 2.1. O

We want to use these results to show that (g)¢ is locally nilpotent. Let
S = Fx+ Rx + xR+ RxzR be the ideal in R generated by x. Notice that

()¢ <14 8.

It thus suffices to show that 1 4 S is locally nilpotent. Take some finitely
many elements 1, ..., z, from 1 4+ 5, where

Ty = 1+fl.T+TZ.T+SL’SZ+tZSL’lZ

with r;, s;,t;,l; € Rand f; € F. By Corollary 2.2, we know that there exists a
positive integer m such that r;, s;, t;, [; leave V,,, NW invariant fori = 1,... n.
Let T be the subring of R generated by x, r;x, xs;, t;xl;, 1 = 1,...,n. To show
that (xq,...,x,) is nilpotent, it suffices to show that 7" is nilpotent as a ring.
In fact we show that T7™%2 = (. First notice that VT™ < V,,. Now  maps
V., into V,, N W and, by our choice of m, all the r;, s;, t;,[; leave V,, N W
invariant. It follows that VIT™! < V., N W. Now z maps V,, N W to zero
and thus, by our choice of m again, we see that VI™*%2? = 0. This shows that
T is nilpotent. It follows that 1 + 7" is nilpotent and thus 1 + S is locally
nilpotent. Hence (g)¢ is locally nilpotent.

Remark. When the underlying field F' is one of the prime fields, we have an
example of cardinality 2%°. Our example does however not address possible
cardinals between Ry and 2%°. Thus we do not know what happens in this
case in set theories where the continuum hypothesis doesn’t hold.

Although we do not have in general that F'(£) = HP(L), the Hirsch-Plotkin
radical of S(L) satisfies a strong local nilpotence property. As we mentioned
in the introduction, all the elements of HP(L) act nilpotently on V' through
the commutator action. Thus for each h € HP(L) there exists a positive
integer n = n(h) such that [v,, h] = 0 for all v € V. From this one can easily
derive the following generalisation.

Theorem 2.3 For each finitely generated subgroup H = (hy, ..., h,) of HP(L),
there ezists a positive integer d = d(H) such that [V,q H] = 0.
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Proof We know from [1] that for each word h = w(hy,..., h,) in hy,... Ay,
there exist a positive integer n = n(h) such that [v,, h] = 0 for all v € V.
Suppose that H is nilpotent of class ¢ and let x € VH and y = vh for some
v € V. Then [z,.y] € V and thus [#,c4nn)y] = 0. This shows that for any
v € V the subgroup (v, H) is a finitely generated Engel group. Further-

more if we let F' = (z,z1,...,z,) be the largest group with (z)" abelian,
where F/{x) is isomorphic to H and where F' satisfies the extra relations
[T n(w(ha,hn)) Y] = 0 for all words y = w(xy,...,2,) in 2y,...,2,, then F

is a finitely generated Engel group and thus nilpotent by a classic result of
Gruenberg [3]. Suppose that the class of F'is d. Then any (v, H) is a ho-
momorphic image of F' and thus nilpotent of class at most d for all v € V.
Hence [v, H]=0forallv e V. O
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