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1. Let U be the set of polynomials in the variable X with coefficients in
R. We define an inner product { , ) on U via

(= [ nax

Thus U is a vector space of R in the natural way. Let V be the sub-
space of U consisting of polynomials of degree at most 3. Given the
basis 1, X, X2, X3, run the Gram-Schmidt algorithm to produce an or-

thonormal basis of V.
Solution e; =1, e; = 2v/3X—V/3, e3 = 6/5X%—6v5X+V5, eq =7.

2. Let V' be an inner product space with orthonormal basis vi,Va, ..., Vy.
If the Gram-Schmidt algorithm is used to modify this basis, what is the
output?

Solution The output will be the input.

3. Let V' be an inner product space with orthonormal basis vi,Va, ..., Vy.

We obtain another basis vy, Vn_1,...,V1 by reversing the order of the
vectors. Run the Gram-Schmidt algorithm on each of these bases in
turn. Is it true that the output orthonormal bases are the reverse of
each other?
Solution Not necessarily. For example we consider the standard inner
product on R%. Let v; = (1,0) and v = (1,1). If we run G-S on this
basis we get the output (1,0),(0,1). On the other hand the reverse
basis yields output %(1, 1), %(1, —1).

4. For r = 0,1,2 define functions f, : R — R by f, : 0 — cosrf for
all real numbers 6. The collection of all functions f : R — R has
a natural vector space structure. Let V be the subspace spanned by



fo, f1, fo. Define an inner product on 'V via (f,h) = % 027r fh df. Run
Gram-Schmidt to obtain an orthonormal basis of V.
Solution e; = fy =1, e; = \/§f1 = \/5(:089 ey =".

. Suppose that eq,es,...,e, is an orthonormal basis of the inner prod-
uct space V. Let U, = (e1,€a,...,€p). Suppose that v.€ V. Show
that among all vectors x € U,, the one which minimizes ||v — x|| is
YV, eie;.

Solution Letu=)""_,(v,e)e;. Nowifx € U,, lety = —u+x € U,.
Now

v —x||*(v —x,v —x)
= (v u-yv -y =l ulP o+ [yl > [ -l

. Suppose that' V' is an inner product space of dimensionn, and o : V —>
V' is a linear map. Suppose that o carries some orthonormal basis to
an orthonormal basis. Show that « carries each orthonormal basis to

an orthonormal basis.
Solution There is an orthonormal basis ey, e, ..., e, such that

(afei), a(er)) = dij.

Now if v,w € V, then v = ), ayex and w = >, be; for suitable
constants a; and b;. Now

<O!(V) Z akek Z blel

= (v, w).

Thus « preserves the inner product, and so will carry any orthonormal
basis to an orthonormal basis.



