
Can we predict iceberg melting?
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Melting is uneven

Initial Experiment Predicted

Model underestimates melting and ignores geometry!



1. Can we build a better model?
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2. Can we simulate it efficiently?

3. What does it tell us?

The Big Questions
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Atomistic 

Models

The model hierarchy

𝒏 → ∞
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𝜺 ≡
micro length

macro length
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𝒏 → ∞ 𝜺 → 𝟎
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Atomistic 

Models

Phase-field

Models

Moving boundary

Models

Too many atoms! Ignores microphysics!

The model hierarchy

𝒏 → ∞ 𝜺 → 𝟎

1. Physically motivated

2. Captures large and small scales

3. Easy to simulate

Why phase-field?

𝜺 ≡
micro length

macro length



1. What’s 𝐥𝐢𝐦𝜺 → 𝟎?
2. What’s the model error at finite 𝜺? 

3. What’s the sim error and cost at finite 𝜺, 𝒏?
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But multiscale!     𝜺 ≈
𝟏𝟎−𝟗m
𝟏𝟎−𝟏m = 𝟏𝟎−𝟖



1. Differential geometry

to model boundaries as 𝜺 → 𝟎

2. Spectral methods 

to get 𝓞(𝒏𝐥𝐨𝐠𝒏) algorithms

3. Use theory to improve algorithms

for optimal error and cost

independent of ε 
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Three ideas to get 𝜺 → 𝟎
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1. Signed Distance Coordinates near boundaries

𝒙 = 𝒑(𝒔) + 𝒓𝒏
̂
(𝒔)

𝒓
𝒙

𝒏
̂

𝒕
̂



Automated Differential Geometry
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Signed Distance Coords 𝒑(𝒔) + 𝒓𝒏
̂
(𝒔) 

for any dimension

Automate 𝜺 → 𝟎 

for any physics!

/. 𝜺 → 𝟎



11

2. Algorithms: Spectral methods

Error∼ 𝒆−𝒂𝒏 ≪ 𝒏−𝒃           Cost∼ 𝒏𝐥𝐨𝐠𝒏 

Approximate with orthogonal polynomials



But Gibbs means naively 𝒏 ∼ 𝜺−𝟏!
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𝜺 = 𝟏𝟎−𝟐



Uniform resolution bad for 𝜺 → 𝟎!
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3D Cost: Δ𝑥−3Δ𝑡−1

Δ𝑥 ∼ 𝜀



Uniform resolution bad for 𝜺 → 𝟎!
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Δ𝑡 ∼ 𝜀2

∼ 𝜀−5!

Δ𝑥 ∼ 𝜀

Δ𝑡 ∼ 𝜀2 Δ𝑡 ∼ 𝜀2

𝑡 𝑡 + Δ𝑡 𝑡 + 2Δ𝑡

Error ×
1

2
⇒ Cost × 25

25 = 32

3D Cost: Δ𝑥−3Δ𝑡−1



3. Towards Optimal Complexity
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Use the theory to design better algorithms!

3. Optimal preconditioning to improve 𝚫𝒕
2. Coordinate transforms improve resolution 𝚫𝒙
1. Asymptotics to accelerate 𝐥𝐢𝐦𝜺 → 𝟎



And what does this tell us about icebergs?
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Simulations reproduce melt rates
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Simulations reproduce melt rates

Vorticity

Melt rate

Time

Distance

Vortices

Melt rate

Melt rate

Temperature



More Ice-ocean interactions!
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Can we reproduce roughness?

Accurate models of sea ice?

Moving, rolling, calving…?



More multiphase modelling!
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Dead Water: Boat Drag via Internal Waves

Nanovial Manufacture via Temperature-induced Phase Separation



Modelling Multiscale Multiphase Matter
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𝜺 → 𝟎

How to understand 𝜺 → 𝟎?

Differential geometry

Can we predict iceberg melt?

How to build a better model?

Simulations reproduce melting!

Goal: Better methods

   ⇒ Better science!
Atomistic

Phase

Field

Moving

Boundary

Use theory for better numerics
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